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PREFACE 


Tus book is concerned with the development of 
quantum mechanics during the past two years. 
A detailed account is given of the matrix theory of 
Heisenberg, Born and Jordan, the g-number theory 
of Dirac, and the wave mechanics of Schrédinger. 
The earlier chapters are devoted to a restatement 
of the Landé theory of the multiplets in a form 
which is in consonance with the new mechanics 
which is to follow; some later chapters are given up 
to the de Broglie theory of particles and their 
waves, and to the new statistics of Bose, Einstein, 
Fermi and Dirac. 

The book closes with the resonance theory of 
the helium spectrum lately given by Heisenberg, 
and with the new speculations of Bohr on the 
limitations imposed by the quantum theory upon 
the possibilities of experimental observation. 


G. B. 


HOTEL PHOENIX, 


COPENHAGEN 
1 October 1927 
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THE NEW QUANTUM 
MECHANICS 


CHAPTER I 


THE ORIGIN AND DEVELOPMENT OF THE 
NEW QUANTUM MECHANICS 


1. The origin of the new quantum mechanics was an 
epoch-making memoir by Werner Heisenberg! which con- 
tained the new concept which was to lead to the pheno- 
menal developments of quantum mechanics of the past 
two years. Up to this time the quantum theory (the ‘older’ 
quantum theory) postulated the existence of stationary 
states of the atom calculated by the use of the classical 
mechanics and selected by the use of quantum conditions 
satisfied by the action variables of that theory. In the 
new mechanics the equations have the same form as in 
the classical theory, but the variables no longer satisfy 
the commutative law of multiplication, that is, xy is not 
in general equal to yx; the quantum conditions of the older 
theory are replaced by equations which enable the differ- 
ence xy — yx to be calculated; these equations involve 
Planck’s constant h. 

For some years before 1925, Sommerfeld, Heisenberg, 
Landé and Pauli? had been grappling with the complex 
problem of the multiplets and their Zeeman separations. 
By the use of a system of quantum numbers J, s, j con- 
nected with the respective angular momenta of the series 
electron, the core, and the whole atom, they had given 
a qualitative account of the multiplets of the alkalis, 


1 W. Hutsunsere, Zs. f. Phys. 33, p. 879, July 1925. 
2 Various papers in the Zs. f. Phys. from 1922 to 1924, 
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alkaline earths, etc., the work culminating in a very general 
empirical formula—the g-formula of Landé—which enabled 
the Zeeman separations of a multiplet to be worked out 
quantitatively in terms of the quantum numbers J, s, j. 
An essential part of the scheme was the use of half odd 
integers as well as integers as possible values of 1, s, 7 and 
this formed no part of the older quantum theory. Heisen- 
berg’s new theory however at once led to the formula 


(n oa 5) hv as the energy of a stationary state of Planck’s 


oscillator, so that half odd integers came quite naturally 
into the new results. 

A real difficulty too had been met with in the spectrum 
of- neutral helium, where two electrons revolve round the 
nucleus (the simplest many electron problem), all the 
theoretical results found being at variance with experi- 
ment; again in the problem of the ‘crossed’ fields, where 
an atom is exposed to the combined action of electric and 
magnetic fields, fundamental difficulties arose. 

But the work which directly led to the formulation of 
the new mechanics was that of Kramers and Heisenberg? 
on dispersion. 

They worked out the absorption and scattering of radia- 
tion by an atom regarded as a multiply periodic system 
of the classical theory, perturbed by the incident radiation. 
They thus found a result in terms of the orbital frequencies 
and amplitudes. This result was then translated, by the 
use of the correspondence principle, into one containing 
the experimentally observable magnitudes, namely, the 
frequencies and amplitudes of the spectral lines emitted 
by the atom?. 

Heisenberg then sought to develop a scheme of quantum 
kinematics by which the quantum formulae would be ob- 


1H. A. Kramers and W. HEtsenpere, Zs. f. Phys. 31, p. 681, 1925. 
2 “The Quantum Theory of the Atom,’ by G. BrrtwistLz, Cambridge, 
1926, §§ 148 to 154; this book will be referred to as Q.T.A. 
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tained directly in terms of these experimentally observable 
magnitudes, the frequencies and intensities of the spectrum, 
without the intermediate use of orbital frequencies and 
amplitudes, which by their nature can never probably be 
observed. 

This meant that instead of representing a dynamical 
quantity, as on the classical theory, by a one-dimensional 
line of terms (a Fourier series) of the type 

CO, eri), O,e2riut) CO, e2minet) 
it should, on the quantum theory, be represented by a 
two-dimensional table of terms (a matrix) of the type 
A al. 1) e2niv(L Ut A al 2) e2rin(L.2)e ses . 
(4 (2, 1) e2riv(2,1)t 4 (O72) e2riv (2,2)t, ‘a 


where A (n, m) e7"™,™t represents the spectral line of fre- 
quency v (n,m) and intensity dependent upon A (n, m) 
due to a Bohr transition from the stationary state n to 
the stationary state m. 

Heisenberg, Born and Jordan then proceeded to develop 
the matrix mechanics, and in two papers! worked out the 
theory of the harmonic and anharmonic oscillators, gave 
a perturbation theory for non-degenerate and degenerate 
systems, and with it a direct deduction of the dispersion 
formula and of formulae required for the calculation of 
Zeeman intensities. 

While this matrix theory was being developed, Dirac? 
was working out a theory on somewhat different lines; he 
discovered that the quantum conditions for a multiply 
periodic system could be expressed in terms of the ‘ Poisson 
brackets’ of the classical mechanics. As in the classical 
mechanics the only differential coefficients essential to the 
theory can be put into Poisson bracket form, the diffi- 


1 M. Born and P. Jorpan, Zs. f. Phys. 34, p.858, Sept.1925. M. Born, 
W. HurmsenBerG and P. Jorpan, Zs. f. Phys. 35, p. 557, Nov. 1925. 
These papers will be referred to as Q.M. 1 and Q.M. 1 respectively. 

2 P. A. M. Drrac, Proc. Roy. Soc. A. 109, p. 642, Nov. 1925. 
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culties met with by Born, Heisenberg and Jordan in their 
efforts to preserve the Hamiltonian form of the equations 
of motion by a suitable form of matrix differentiation, are 
not encountered on Dirac’s theory. Dirac goes further and 
shows that we can work in the new mechanics without 
using matrices; he calls functions of the dynamical variables 
g-numbers (which do not obey the commutative law of 
multiplication) and ordinary numbers (which do) c-num- 
bers; though in the interpretation of g-number results in 
terms of experiment (where c-numbers must be used) the 
matrix of the g-number is necessary. 

In this way Dirac! gave the theory of the hydrogen 
atom on the new mechanics, a crucial test of the new 
system, as the Bohr formula is the basis of the whole struc- 
ture of quantum mechanics; he found that the term form 


Ble. with n equal to an integer 1, 2,... is preserved in 
nN 


the new mechanics, as had been simultaneously shown by 
Pauli? who used the Heisenberg matrices. 

For some time before this, serious difficulties had existed 
in the interpretation of the multiplets, their Zeeman sepa- 
rations and the corresponding X-ray multiplets. The 
function assigned to the core in the Landé (J, s, 7) model, 
Pauli® urged should be assigned to the series electron, so 
that every electron has four independent quantum numbers. 
He further laid down the axiom that no two electrons in 
the atom can have all four quantum numbers the same; 
this axiom, known as the ‘exclusion’ principle of Pauli‘ (or* 
the Pauli ‘verbot’), at once accounted for the maximum 
number of electrons 2, 8, 18, 32, ... in the K, L, M, N,... 
‘shells’ in accord with Bohr’s theory of the atomic structure 
of the elements. 


1 P. A. M. Dirac, Proc. Roy. Soc. A. 110, p. 561, Jan. 1926. 
2 W. Pautt, Zs. f. Phys. 36, p. 336, Jan. 1926. 
3 W. Pautt, Zs. f. Phys. 31, p. 373, Dec. 1924. 
4 W. Pauw, Zs. f. Phys. 31, p. 765, Jan. 1925. 
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In October 1925, Uhlenbeck and Goudsmit! put forward 
their theory of the spinning electron which enabled the 
quantum number s previously associated with the angular 
momentum of the core electrons to be associated with the 
spin of the series electron, thus giving a mechanical inter- 
pretation to the transfer of the quantum number s from 
the core to the electron, of which Pauli had postulated the 
theoretical necessity. In March 1926, Heisenberg and 
Jordan?, using the new mechanics and the spinning electron 
theory of Uhlenbeck and Goudsmit, calculated the fine 
structure of the doublets of the alkalis, their Zeeman 
separations and intensities, and completely cleared up the 
difficulties with which this problem had been beset for 
many years. They proved the Landé g-formula and also 
the Sommerfeld formula for the Paschen-Back changes. 

Early in 1926 the complexity of the matrix procedure 
had made itself felt, with its infinite number of difference 
equations with an infinite number of unknowns, and 
several writers endeavoured to bring the new mechanics 
within the range of more highly developed analysis. 
Lanczos’, with his ‘field theory,’ had brought it into 
contact with the theory of integral equations; Born 
and Wiener‘ had devised an ‘operator calculus,’ but just 
about this time a most remarkable development of the 
theory on lines totally different from those of Heisenberg | 
and Dirac was put forward by Schrodinger®. Fired by the 
new ideas of Louis de Broglie’ on material particles and 
their associated waves, he assumed that the dynamics of 
an atom cannot be represented by a point moving through 


1G, E. Us~ensBeck and §8. Goupsmit, Naturwissensch. 47, p. 953, 
Nov. 1925; Nature, 117, p. 264, Feb. 1926. 

2 W. HEISENBERG and P. Jornpan, Zs. f. Phys. 37, p. 263, March 1926. 

3 K. Lanozos, Zs. f. Phys. 35, p. 812, Feb. 1926. 

4 M. Born and N. Wiener, Zs. f. Phys. 36, p. 174, Jan. 1926. 

5 B®. Sourdpineer, Ann. der Phys. 79, p. 361, Jan. 1926; 79, p. 489, 
Feb. 1926; 79, p. 734, March 1926. 

6 L., pe Broeiie, Ann. de Phys. 10, p. 22, 1925 (Théses, Paris 1924). 
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the coordinate space (the g-space) as in the classical theory, 
but must be represented by a wave in that space, and 
obtained a differential equation which the ‘wave function’ 
% must satisfy. This equation contains H, the total energy 
of the atom. In general, this equation only has solutions 
(which are continuous, unique and bounded in the q-space) 
for certain definite values of Z, viz. L,, H,,... (‘eigenwerte’), 
and the corresponding solutions #,, p., ... are the ‘eigen- 
functions.’ The eigenwerte are the energy levels of the 
atom, and Schrédinger shows how the eigenfunctions may 
be used to determine the Heisenberg matrices by a process 
of quadratures. The strength of Schrédinger’s ‘wave 
mechanics’ lies in the fact that it brings the new mechanics 
within the scope of the highly developed analysis of differ- 
ential equation theory, and then reduces the calculation of 
the intensities of the lines to a series of integrations. 

In March and April 1926 appeared two further papers 
by Dirac. In the former! he obtained the angular mo- 
mentum relations of Heisenberg, Born, and Jordan? by 
his Poisson bracket methods, and using his angle and 
action variable theory developed for g-numbers, found 
the g-formula of Landé, and also Kronig’s results for the 
relative intensities of a multiplet and their components in 
a weak magnetic field. 

In the latter? he extended his theory to relativity 
mechanics and used it to give the theory of the Compton 
effect; he obtained a more consistent agreement with 
Compton’s experimental results than did Compton by his 
theory of light quanta. 

In May and June 1926 two further memoirs by Schré- 
dinger* appeared. In the former he develops a theory of 


1 P. A. M. Dirac, Proc. Roy. Soc. A. 111, p- 281, March 1926. 
2 Q.M. 1. 
$P.cA. M. Dirac, Proc. Roy. Soc. A. 111, p. 405, April 1926. 
; 4 E. Scurépincsr, Ann. der Phys. 80, p. 437, May 1926; 81, p. 109, 
une 1926. 
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perturbations and applies it to find the intensities of the 
lines in the Stark effect and so calculates the ‘total inten- 
sities’ of the lines H., He, H,, Hs; in the latter he de- 
velops a dispersion theory and obtains the Kramers- 
Heisenberg formula. 

By this time the computational value of the Schrodinger 
methods had been appreciated by earlier workers. In June 
and July 1926, Born! published two papers on collision 
phenomena; he finds a solution of the Schrédinger wave 
equation consisting of incident plane waves representing 
the approaching electron, and these waves are scattered 
by the atomic system. He assumes that the square of the 
amplitude of the wave scattered in any direction deter- 
mines the probability of the electron being scattered in that 
direction, with an energy given by the frequency of the wave. 

Tn June 1926 Heisenberg? wrote an outstanding paper 
on resonance in atoms with two electrons, which con- 
tained the key to the solution of the spectrum of neutral 
helium, with its mystery of the ortho and para helium 
terms. It is well known that the latter is a single term 
system containing the ‘ground’ term, and the former a 
doublet system; also that the terms of the one system do 
not combine with those of the other. 

All these characteristics were accounted for, the differ- 
ence between the ortho and para terms corresponding to 
the frequency of the energy pulsations from the one 
electron to the other within the atom. This work is carried 
out by the use of his matrix mechanics, but for the first 

time he uses Schrédinger’s calculus to confirm his theory 
of the non-combination of the ortho and para helium terms. 

In a second paper in July® he computed the ortho and 
para helium separations by the use of Schrédinger’s calculus 
and found results of the right order of magnitude both for 


1 M. Born, Zs. f. Phys. 37, p. 863, June 1926; 38, p. 803, July 1926. 
2 W. HetsenBere, Zs. f. Phys. 38, p. 411, June 1926. 
3 W. Hersmnsera, Zs. f. Phys. 39, p. 499, July 1926. 
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He and Li+, though it is evident that a more refined 
perturbation theory is required in quantum mechanics 
with elaborations on the lines used in astronomy. 

In August 1926, Dirac gave an illuminating account of 
the derivation of the Heisenberg matrices by the use of 
Schrédinger’s eigenfunctions and considered. the two elec- 
tron problem for the atom by the Schrédinger method; 
he found that there were two solutions satisfying the 
equations, and that one led to the Pauli verbot and the 
other to the Bose-Einstein statistical mechanics. He also 
worked out a perturbation theory for the wave mechanics 
of Schrédinger in which the approximation is carried to 
the second order, and expressions for the Einstein B coeffi- 
cients are found. 

In December 1926, Dirac? obtained a general formal 
matrix theory using operational methods, and derived 
Schrédinger’s equation as part of this matrix calculus; he 
also generalised it for cases where the Hamiltonian contains 
the time explicitly. 

In the first of two later papers (1927) Dirac’ gave a new 
theory of emission and absorption of radiation. He con- 
siders the interaction of an assembly of light quanta with 
an atom and finds expressions for both of the Einstein 
A and B coefficients; in the second he gives a theory of 
dispersion and deduces the Kramers-Heisenberg formula. 

It is hardly possible to pass on without remarking upon 
the almost uncanny anticipation by Courant and Hilbert* 
of the pure mathematical theory required for the new 
mechanics, which has had so much to do with the rapidity 
of its development. 


1 P, A. M. Dirac, Proc. Roy. Soc. A..112, p. 661, August 1926. 

2 Pp. A. M. Dirac, Proc. Roy. Soc. A. 113, p. 621, Dec. 1926. 

* P. A. M. Dirac, Proc. Roy. Soc. A. 114, p. 243, Feb. 1927; A. 114, 
p. 710, April 1927. 


4 ‘“Methoden der mathematischen Physik,’ 1, by R. Courant and 
D. Hitpert, Berlin, 1924. 


CHAPTER II 


THE MULTIPLETS OF SERIES SPECTRA 
AND THE I-s-j SCHEME OF LANDE 
2. Series spectra and their multiplets. 


The ‘terms’ of a series! are of the for where 


f (n, 1) +1 as n> 00, n being the principal quantum 
number and / a second quantum number associated with 
the series to which the term belongs. Writing the above 
expression as ¢ (n, /), the terms can be written as 

 (n, 0), 6(n+ 1,0), d (n+ 2,0), ..., 

where / = 0 (s terms) 


¢(n+ 1,1), d(n+2,1),..., 

where / = 1 (p terms) 
d (n+ 2,2), ..., 

where / = 2 (d terms) 


$ (n+ 3, 3), ..., 
where J = 3 (6 terms) 


[For sodium, for example, where in the normal arth the 
series electron is in the WM shell, n = 3.] 
The above terms are usually written as 
VR PAO ioe 
2p, 3), >... f 
Bee: (Term series) 


AD, ... 
- and the various series lines are given by the transitions 
Np 1s, N = 2,3,4,..., the principal series 
Ns — 2p, N = 2,3, 4,..., the sharp series (Line 
Nd 2p, N = 3,4, 5, ..., the diffuse series series) 
Nb > 3d, N = 4, 5, 6, ..., the Bergmann series 

1 Q.T.A. chap. x1. 
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1s 28 3s 


The terms can be represented, after Bohr, by the above 
diagram where the horizontal distance of a term point — 
from the vertical line measures its energy value. "~~ * ” 

3. Multiplets. SReaipare ss, 

The series lines when examined with high power are 
found in general to be multiple in structure. Thus in the 
case of the alkalis, the s terms remain single, but the 
p, d, b, ... terms each split up into two (a doublet) so that 
the above figure becomes 


1s 2s 3s 


3de 

The separations become wide with increasing atomic 
number, the magnitude for the p,p, levels ranging from 
6 A for sodium to 422 A for caesium. 

Sommerfeld’ and Landé introduced a third quantum 
number j so that a pair of corresponding p,, p, terms had 
1 = 1, but different values of 7. 

4, Harlver theory of the multiplets. 

‘In the earlier form of the theory the field acting on the 


AND THE [-s-j SCHEME OF LANDS | 11 


electron was supposed to a first approximation to be 
central, which leads to a plane periodic motion 
wv’ on which is superposed a rotation in its own 
plane!. The angular momentum (L) due to 
this rotation was associated with the quantum 
number /, the angular momentum (S) due to 
the rest of the atom (‘core’) with a quantum 
number s, and the resultant (J) of ZL and S 
(the resultant angular momentum of the whole 
atom) with the quantum number j. 
It will be seen later (§ 76) that the new 
Heisenberg mechanics requires L, S, J to be 
respectively equal to 


A VId+T), = V804 I VIGFD, 


where / is Planck’s constant. 
On account of the coupling forces between the series 
electron and the core, the triangle SLJ precesses about J. 
The correspondence principle then leads to the selection ) 
rules? that in a transition, 7 can only change by +1, while 
j may change by + 1 or 0. 
Further since J is the resultant of Z and S, and must 
therefore lie between L + S and | L— S|, the equation 
|l2—s| <j <1+ 8 gives limits for j. 
If s= 0, then j must = / (singulet terms). 


lf s =5 then 7 =1— : or 1+ : (doublets), except for 
1=0. ) 


: ape 
ye = 0 givesj=35, 
Taxed 
[=1 6 Jig rp? 
3. 5 
1=—2 a Hae oo 9: 
2 


1 Q.T.A. chap. vm. 
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If s=1, then 7 =1— 1, 1 or 1+ 1 (triplets), except for 
t= 0, so that 


l= 0 gives 7 = I, l= 1 gives 7 = 0, 1 or 2, 
fee 2 ee) eer arora; l=3 ,, f= 2, dre, 
If at) rae to l : l 3 (quartets) except 
PT OB ee 9” Oye +5 25 q > Pp 
for 1 = 0 or 1, so that 
: Ge : - Lae 
I= 0 gives j= 5, L= lgivesj= 5,5 U5, 
eR Labe Nebet, . i Oe 
I= 2 ee) I= 9°5°5 OF 9 l= 3 ” = ia toe 


These results are embodied in the following tables due to 
Landé; the symbols are different from those used by 
Landé, having been altered to bring them into line with 


the new mechanics to be developed later. The quantum 


numbers J, s, 7 used here are respectively K — = R- 2 


Ay . where K, Rk, J are Landé’s quantum numbers. 


oo 5. Landé’s scheme of quantum numbers for the multiplet 
terms. 
Singulets Doublets 
; Lyd oo ee 

Ory, 1sere a J 

: Ne 2° 2 eee 
8 0 8 

Pp Pets 
d 2 d, dz 
b 3 be: 


ee ot 
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Triplets 


(s=1) 


Quartets 


(-9 


This scheme applies to any multiplet and is independent 
of the principal quantum number n (Preston’s rule): 

This empirical scheme obtained as the result of long and | 
laborious research by Landé is justified by the exactness | 
with which it enables the anomalous Zeeman separations | 
of the lines of a multiplet to be calculated. 


CHAPTER III 


THE NORMAL AND ANOMALOUS ZEEMAN 
EFFECT; THE LANDE g-FORMULA 


6. The normal Zeeman effect of the singulets. 

A magnetic field splits each spectral line into three when 
the line is viewed at right angles to the field; the central 
one is polarised parallel to the field and the two outer ones 
at right angles to the field; the central one is at the place 
of the original line and the outer ones equidistant from it. 
The effect of the field H is to cause the Larmor precession? 
of the orbit of the electron about the axis of the field. 

ell 
4amc” 

If H’ is the increase of energy due to o, then Bohr’s 
formula? dH = w.dI, which is here dH’ = 0.dM, where M 
is the action variable corresponding to the frequency o, 
leads to H’=0.M. Writing M = mh, in the usual manner, 
where m is a quantum number, H’ = omh. 

If H, is the energy in the absence of the magnetic field 
and # the energy in presence of the field, 

EH = H,+ H’ = E, + moh. 
The frequency v due to a transition where m changes to m’ 
is given by 


The frequency of this precession is 0, where 0 = 


y = 7 [Ly + omh) — (By + onfh)] 


2B Be 9m — a 
If ») is the frequency of the original line, 
_ 4, — Ey 
Ae oS ere, 
so that vy—vy=0(m—m’). 


1 Q.T.A. § 77. 2 Q.T.A. § 31. 


NORMAL AND ANOMALOUS ZEEMAN EFFECT 15 


The possible transitions are given by the correspondence 
principle!, which shows that m changes by + 1 or 0, ie. 
| Am | = 1 or 0, and that if | Am | = 1 there is circular 
polarisation in a plane normal to the field, seen as linear 
polarisation at right angles to the field when viewed across 
it. Also if | Am | = 0, there is linear polarisation parallel 
to the field. 

Hence v — », = +0 or 0, the normal Zeeman triplet; 
the magnitude of the separation of the outer lines from 
the central one is Av = o. 


7. Slow precession of the angular momentum vector about 
an axis. 
If Ox, Oy, Oz are fixed, the energy HE, of a system of 
particles is ; : 
Ey = 4p (7? + 726? + r? sin?O9?), — 
@ 


Tf the system of particles precesses round Oz with 
angular velocity w carrying the axes Oz, Oy with it, the 
energy H is ; | 

E = 40p {72 + 126? + r? sin? (p + w)?}. 
Tf AZ is the increase of energy due to the slow precession, 
AE = E — E, = Xpr? sin26¢u, neglecting w? « 
= w {angular momentum about Oz} 
= wl cosa, where L is the resultant 
angular momentum. [w = 270.] 


1 Q.T.A. § 79. 


— 
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8. Application to the normal effect. 


We had 
AE = 0.mh. 
But AE = wl cosa, and w = 270. 
*. mh= 2nrL cosa, 
and since 
L= LAE boa gS eee 
2a V1 (i + 1) 
Since — 1 <cos a <1, m can take the values 
lL¢g@—1,1—2,...,-—(@— 2), —(i— 1), —1, 


so that for a given J there are (21 + 1) possible m’s and 
thus (27+ 1) possible Zeeman terms. These states have 
equal ‘weight’ from the point of view of statistical me- 
chanics, so that a term whose quantum number is / has 
a statistical weight (21 + 1); but the possible combinations 
between such sets of terms lead only to three lines, by 
the correspondence principle. For example, if the atom 
goes from a state 1, = 3 to a state J, = 2, possible m,’s are 
— 3, — 2, — 1, 0, 1, 2, 3 and m,’s — 2, — 1, 0, 1, 2. The 
possible transitions are given by | m,—m, | =1 or 0, and 
are indicated by the arrows: 


Of the 15 possible transitions, 5 have m,—m, = 1, 
5 have m, — m, = 0 and 5 have m, — m, = — 1, and each 


line of the Zeeman triplet is five superposed lines in this 
case. 


9. The anomalous Zeeman effect of the normal multiplets. 
If a multiplet is subjected to a weak magnetic field H, 
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each line is resolved into a large number of components 
whose displacements are proportional to H but different 
for the various members of the multiplet. If the field is 
gradually increased in strength so that the displacements 
of the components become of the same order of magni- 
tude as the original range of the multiplet, the resolutions 
undergo gradual changes, until for strong fields the com- 
ponents of the various members of the multiplet flow to- 
gether and produce a normal Zeeman triplet. This change 
on passing from a weak to a strong field is known as the 
Paschen-Back effect?. 


10. Preston’s rule. 

The Zeeman type of separation for a line given by the 
transition ns > n’p, for example, depends solely upon s 
and p, and not upon n,n’ the respective numbers of the 
terms in the s and 7, term series. 

Thus the Zeeman type shows clearly the series (princi- 
pal, sharp, etc.) to which a line belongs. 

11. Zeeman types. 

As an illustration consider the doublet terms of an 
alkali given by the scheme 


(4 


1 ‘Zeemaneffekt und Multiplettstruktur der Spektrallinien,’ by 
EB. Back and A. Lanp#, Berlin, 1925, §§ 14-17. 


BNQM 2 
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The only possible transitions are shown by the arrows, 
for Al can only be + 1, and Aj only + 1 or 0. 

Thus the principal series multiplets are of the types 
Sp,, SP. and the diffuse series multiplets of the types 

dy, P21, Pods. 
haa the en separations for these five lines are shown 
in the figure below: 


_ eH 
Pp °“4anme” (0.1. 
r j r 


\ 
p (2).4. 
8p, a : = 
lp; |p (1.3.5. 
ate r r H 7 r 3 
| 
P\\|P (1).11.13. 
a coat wae 
ad pip Pp (4).8.(12).16.24, 
ee a r r H r r r 15 
fT 
d Pipi ply (1).(9).15.17.19.21. 
Bets rir|rir eae rir|r|r 15 


Zeeman Types 


Normal Type 


(4) 8 (12) 16.24 
15 
that the distances of the five lines on the right from the 
original line (whose position is the dotted central line) are 
4 8 12 16 24 
1516 1b 215 5 
which is taken as the unit of measurement. Thus if Av is 
\ the displacement, “ os —— . etc., where 0 = a 
The numbers in brackets correspond to lines 7 p polarised 
parallel to the field and those not in brackets to lines r 
polarised at right angles to the field. 
The above illustrate too Runge’s rule that the displace- 


ments aré rational fractions of the normal effect (+ 0). 


The pd, type is denoted by ; this means 


of the normal Zeeman. displacement o, 


a 
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12. Term analysis. 

The displaced components of a Zeeman type are now 
sought as the difference of two displaced terms, so that 
the Runge fractions become differences of two term frac- 
tions corresponding to new energy levels produced by the 
magnetic field. 

Consider say the type p,d, just given, into which the 
multiplet »,d, of the diffuse series of an alkali splits up 
under the action of a magnetic field. The multiplet itself 
is due to a transition from a term d, to a term p,, and it 
is now sought to discover new term levels into which these 
terms d, and , split under the action of the magnetic field. 
Transitions between these two new sets of levels give rise 
to the Zeeman type p,d,. 

The following values for the new levels were found by 
Landé: 


Magnetic quantum 
number m 


Uys d; terms aa 
om 
3 


cs 
an for p, terms = 


pak 2A 
2 


ie} 
nl= 
lo 


Io 


el- <——— a | 


Possible transitions are shown by arrows, since Am 
must be + 1 or 0. 


Av 
— for p,d, has six values, viz.: 
7) 


6 1 Dy Alb 
= SS SS ES = = 1 
ata 5 3» where Am +1, 
6 1 Oe 
— =—]| 
53? z+ 3> Where Am B 
Pees Al Pa | « 
—_ — _ —_—_—_ — 0 
Rta? 5 3» Where Am 3 
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or, + a Se = where | Am|=1, corresponding to r 


polarisation, and + 


p polarisation, which agrees with the 


where Am = 0, corresponding to 


(1).11.13 
15 
figure of § 11, and gives the polarisations correctly. 

The following figure shows the levels and the transitions: 


of the 


alo 


l= 
Q|- 


1 
he 
| 
| 
| 
I 


dy normal line BR, 


The test of this is that this scheme of Zeeman terms, as 
regards p, say, should suffice for any other line in which 


p, is concerned, as for instance the line sp, of the principal 
series. 


For sp,, we have the scheme: 


Magnetic quantum 2 
number m 2 


a ‘for p, terms a 


Av 
“o for s terms = 
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Av 

— for sp, is therefore te 3° ae 5° agreeing with the 
(2).4 

3 


given for sp, in the figure of § 11. 


The term levels used for p, are the same as before. 
Again for sp, we have 


Magnetic quantum 


eso! pail, ils 3 
number m 2 2 2 2 

SY for 3s terms =] 1 
Av 6 hi Gee 6 
“0 for pz terms ay Sac 3 3 


: 1 P 
so that = for sp, is + 3° + : tt a in full agreement with 


the (85 z of the figure of § 11. 


Then using the above results for d, and p, we have 


Magnetic quantum 


number m 


a 
role 


ae for a; terms - 
Av _ 
> for pe terms 


(4) 8(12).16.24 
15 
The following is a table of the Zeeman terms for the 
doublets and triplets: Lge 


, as in § 11. 


A 
leading to = = 
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(a) Doublets 
5 3 1 1 3 5 
Ae 5.9 Nh AM a aD 2 2 2 
s —| 1 
1 il 
fe ea Se 
6 2 2 6 
vie Tas, Bes 
6 2 2 6 
4 A cree Boal 
d 15 9 3 3 9 15 
s Teh a 5 5 5 5 
(B) Triplets 
m —3 —2 —1 0 1 2, 3 
s —2 0 2 
e 3 : 3 
P2 Rip 0 5 
6 BREN gc eae 
Ps Pes hae Sole 5} 5 
: 1 1 
a HAMNER Gi 
14 7 7 14 
4, Yee Ce oth 
1b 8 4 4 8 12 
RCE teen GS 


13. The Landé g-formula for the Zeeman terms. 
This is an empirical formula found by Landé which — 
determines the Zeeman terms corresponding to any multi- 
plet term whose quantum numbers are J, s, j. Landé 


es 


—— 


sents nats cc te 
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showed that the Zeeman terms are given by Bs = mg, 


where m is +j, +(j—1), + (j—2),... and g is the 
“separation factor’ given by the formula 


py J eases Yt +1) 

ae 2 G+ 1) 

Thus the values of J, s, j for a multiplet term determine 
its Zeeman behaviour. The number of Zeeman terms into 
which a multiplet term splits up is 2j + 1, this being the 
number of possible values of m (cf. § 77). " ye 

For example, take the d, a, doublet term, ok: which 


, (the g-formula). 


fer Gee ae Wee 
ate pple) a PED; fire Sh ages 
Then g=1+ 2.54 Laie Be 
Av nce) he pte Sil a 
and —- = mg, where mis +5, +5,+5- I 
Av BEG Tes Oily 1G ge ir 
Ree 5 8B 2S re 
mes 3) 94278 | 
=+ is 5’ 5’ 


agreeing with the value given in table (a) of § 12. (i 
Again for the d, triplet term, 1 = 2, s = 1, j = 2, so that 


2.3 1,222.3 _ rd 
DER © ima ee et 
dey. where m = + 2, + 1, 0, so that 
O 
Av i} 7 7 
aaa) goal. 6° 6 
14 7 
=2+ oe +6 % 


as given in table (f) of § 12. 


2 Ww 
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The following is a table of g values: 


Singulets Doublets Triplets 


Term)" 8 pd. | 8.tipa dy de..:. 


2) 4 


CHAPTER IV 


ATOMIC MAGNETISM; THE BOHR MAGNETON; 

THE STERN-GERLACH EXPERIMENT; MAG- 

NETISM AND TEMPERATURE; THE MAGNETO- 
MECHANICAL EFFECT 


14. Atomic magnetism. 

An atom, with its revolving electrons, has magnetic 
properties revealed by its Zeeman effect and different for 
the different stationary states. 

If M is the magnetic moment, supposed in the direction 
of the resultant angular momentum J, the change of 
energy due to the action of a magnetic field H is AH 


= HM cos (HIM), where (HV) is the angle between H and M. 
But this AH = hAy, where Av is the Zeeman displacement. 
*, hAv = HM cos (HY). 
But from § 7, 
hAv = AE = wJ cos (JH) = 270.J cos (JH) 
in the normal Zeeman effect. 


Hence, since (7M) = (JH), we have 
HM = 2n0.J = 2n (<) ji 


47M 

where now m, is the mass of the electron (as from now 
m is needed to denote a quantum number); 

Aare 

ODT C- 
or the ratio of the magnetic moment to the mechanical 
moment is e/2m,c, for atoms which show the normal 
Zeeman effect. 
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15. The Bohr magneton. 


If the unit of angular momentum is = , the corre- 


| Raho) Se 
Qn c° 2 4am’ 
this unit of magnetic moment is the Bohr magneton. 
Using the known values of e, h, m), cits value is -921 x 10-” 
ergs/gauss. 


sponding unit of magnetic moment is 


Thus the angular momentum measured in units 3, 8 


equal to the magnetic moment measured in magnetons, 
for an atom whose Zeeman effect is normal. 


16. The field components of M and J. 

If M,, is the atomic magnetic moment resolved along 
the magnetic field H, and J, the corresponding component 
of the mechanical moment, then 


Maa tre 
FO SOT rae 
Now Jyz= i , where m is the quantum number used 
in the theory of the Zeeman effect; 
° My= m( cs ) ; 


4rrmyc 


Thus m denotes the angular momentum of the atom 
about H in units and also the magnetic moment of the 


atom along H in magnetons, for an atom with the normal 
Zeeman effect. 

But for an atom with an anomalous Zeeman effect, o is 
replaced by go, where g is the separation factor (so that 
the Larmor precession is go in these states); hence 

AEH = HM cos (HM) = 
and. AE = 2ngo J cos (JH) = 2790 Jy; 
ut a _ 2mgo e 


Wels Saad aa 2m ec ° 
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so Be if m denotes the angular momentum about H in 
units a 9 denotes the magnetic moment along H in 


magnetons. 
Thus for example in the term p, of the doublets 


rea) Phe gits B (9=5) 

2 2 2 De ey a 
Av _ ong = 2 Oo 6 
ge 8 a 


so that the first row gives the mechanical component in 
units h/27 and the second the magnetic component in 
magnetons. 

17. The experiments of Stern and Gerlach on the magnetic 
deviation of silver rays}. 

These experiments lead to a direct measurement of 
atomic magnetic moment components (M,). Stern and 
Gerlach passed the atoms of silver vapour through a non- 
uniform magnetic field and measured the deviation from 
their otherwise rectilinear paths by intercepting them on 
ascreen. The displacement thus measured determines M,. 
The theory of the experiment is as follows: 


PEE Ds 8 at ED i cE 
O da x 
1 W. GeRuAcn and O. Stern, Zs. f. Phys. 7, p. 249, 1921; 8, p. 110, 
1921; 9, p. 349, 1922. 
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The figure shows a magnetic element (poles + p at a 
distance b apart) in a variable field H; the axis of wis taken 
parallel to the field. The translatory force on the magnet is 
H’w + H” (— p), where H’, H” are the values of H at the 
poles. Thus the force is 


3 Aone, _ dH 
(H’-—H ) P= a da. p= (bcos 8) 
= = it cos 8, where M is the moment, 
yt 
peat a 


= M,G, where G is the known gradient of the 
magnetic field. 


a 


Gradient 
G 


fe) a S y 
For a silver atom of mass m,, 
m,@ = UM, .G ; a m= M_Gi 


where v is the velocity at O; 


- m2 = 5 a 
19M, 

MyGy? i j ; 

ae and if a is the distance of the screen 


ae 
from O, the deviation SS’ on the screen is M qGa?/2m,v?, 
and thus M,, is found. 


In their first paper, using silver atoms, there were two 
sharply defined positions of S’. Exact measurements 
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showed that M,, was + 1 magneton. But for silver in the 
normal state (which for it is the s term of the doublets) 


1 1 
9 =m =+1,form=5,-5 
g=4, (§ 13) 
so that mg=1,—1. 


This result, with others, is a striking confirmation of 
the truth of Landé’s theory of the Zeeman states, and | 
indeed is a direct proof of the existence of the ‘term states’ | 
of the Bohr theory; up to this time these states were no | 
more than a mental picture of something whose differences | 
gave the spectral lines themselves. 

It is now apparent that we may use the mg values of 
the Zeeman tables as predictions of the Stern-Gerlach de- 
viations in magneton units for different atoms. Hence 
the table: 


Normal state mg Stern-Gerlach deviation 
A singulet s term 0 | 
doublet s term <2 pe | ! | 
ea ! 
govilet p, term = ee | : bias 
3d coy Aas oy Ae al 6) 
doublet p, term | — =) a ae few | | ia 
triplet s term omen Ou 2 | | i 
quartet sterm | —3 —1 Lao | lisiied| | 


The predictions of the Zeeman terms have always been 
exactly fulfilled in these experiments; Ag, Cu, Au show 


1 : : 
deviations + 1, Pb deviation 0, Tl + =, this last showing 


that the normal state is a doublet p, term (Grotrian)!. 
1 W. Groretan, Zs. f. Phys. 12, p. 218, 1923. 
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18. Magnetism and temperature. 

The magnetic energy of an atom H = — HM,, in the 
notation of § 14. If dW is the probability that the 
atom has energy H between — HM, and —H (M,+dMzq), 
dW = Ae-="" dM,, where 7 is the temperature, k the 
Boltzmann constant and A is a constant. 


. AW = AcBMalT dM yg 
HM, 
res ¢ Pree 
ze a 
approx., expanding the exponential, the term ——” being 


“ir dMy, 


small and so H not too large. 
In the absence of H the probability is 1, so that 


Me 
aie = = 
[aw ; or [_ Adi ls:or A ce 


i 
dW = (1 


AM, 
+ pp?) dM. 
The magnetic moment 7, per mol is 
cal a sf HNM, 
N ioe at 
is Ba ME [sa Me (2 + RT | dM, 


where N is the number of atoms per mol, and the mol 
gas constant Rk = Nk, 


rM 
N [ MadMa +r ar) M,2dMy 
SI 


: HN? 
. MNy_= NM, 

a a+ par M;,? 
where the bars denote mean values for the different 
orientations of the magnetic axes of the atoms. This is 
Langevin’s formula for the component magnetic moment 


Mt, per mol of the gas parallel to the inducing field H. 
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The divergence between classical and quantum theory 
arises in the calculation of these mean values; whereas on 
the classical theory all orientations are equally probable, 
on the quantum theory only certain ones are possible, as 
the experiments of Stern and Gerlach have shown. On 
both theories M,, = 0; because for the classical theory 


ae M 

and for the quantum theory the possible directions of the 
atomic axes produce values of M, equal and opposite in 
pairs, so that 2M, = 0. 

HN?M,2 


Thus on both theories ,_ = RT 


On the classical OEY. 


—— 1 
M,? =o 1 Mati = 3m, 
so that m Hf M?2N2, 
2 3rT 


A RT 
ee) H 5 


the classical result of Langevin. 

Weiss! tested this by measurements of ,, H, T’ which 
gave M values which were not multiples of Bohr’s mag- 
neton, but of a unit about five times smaller (the Weiss 
magneton). This result was for some time a serious 
difficulty for the quantum theory. 

Pauli? however pointed out that from the quantum 
theory standpoint the calculation of M7 must be modified, 
as mentioned above. For on this theory (§ 16) 


M,,= mg wagnetons = mg O, where O = Testes 


1 P. Wetss, Phys. Zs. 12, p. 935, 1911. 
2 W. Pauut, Phys. Zs. 21, p. 615, 1920. 
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The possible values of m are 
EP Beet hal el © Bat 9 29 
and therefore of Mz 
4g O, (7 — 1) gO, ete. 
g? OF [97+ (9 — 1)?... + G— De 


= +1 
to Teja ly od Ae ee) Hobs 
2 
=¢* 1 6 ‘e411 = g? 0 
HMM, HH ie iuey 
2. Mg = parE = pp NV? O 


Tf S is the mol magnetic susceptibility, S is the value 
of My, when H = 1, 


2772 Pe ey 1 
so that jose Se MMs Ms 


Rais 3 
V3R8T 
IWIGTY= TA 
_ V3RST 4rmyc. 
5 Neh ; 


. 9g Vi (G+ 1) = 2:83-V8T, 


using the well-known values of the constants R, mp, c, 
N,e,h. 

This formula has been tested by the experiments of 
Cabrera? and St Meyer? on the triply ionised rare earths 
from Ce,,, to Yb,,,; 2:83 VS7 was found as the result 
of experiment and g Vj (j + 1) calculated from the theo- 
retical values of 7 and g; the agreement was close. Thus 
the smaller Weiss unit of the classical theory is not re- 
quired; the Bohr unit suffices. 


1 B. CaBRERA, Comptes Rendus, 180, p. 668, 1925. 
2 St Meyer, Phys. Zs. 26, pp. 1 and 478, 1925. 
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19. The Richardson-Barnett magneto-mechanical effect! ®. 

If a diamagnetic body is set in rotation with angular 
velocity w about an axis, the atom axes are made to 
undergo a precession w and the body becomes a magnet 
whose field is H; in order to preserve the direction of their 
angular momentum in space, the electron orbits within 
the atom make a counter precession in the opposite sense 


eH ; 
at a rate go (§ 16), where 0 = eta and g is the Landé 
factor. This go must be equal to w, so that 
eeegel _ 4m cw 
o= ante salar rien be rie (1). 


Assuming the normal Larmor precession, g = 1 and H 
should be *7™%0% 


one-half of this, and before the Landé theory was sup- 
posed to be due to an anomalous doubling of the Kaufmann 
ratio of e/m); after the Landé theory the halved value 
meant merely that g=2 in the formula (1), and this is 
the value of g for a ground state of the s type in Zeeman 
theory (cf. table of § 13). 

The experiments of Einstein and de Haas’, and later 
ones of greater precision by Back‘, confirm this view. 
A revolving body was suddenly magnetised and the ratio 
of the mechanical moment to the magnetic moment pro- 
duced determined. On the old theory the normal value 
e/2m,c was expected, but the experiments gave double 
this value, accounted for by the precession go, where g = 2. 


The actual value found was always 


1 O. W. RicHarpson, Phys. Rev. 26, p. 248, 1908. 
2 J. 8. Barnett, Phys. Rev. 6, p. 239, 1915, 
3 A, ErnsTeIn and DE Haas, Verh. Deutsch. Phys. Ges. 17, p. 152, 


1915. 
4B. Back, Ann. der Phys. 60, p. 109, 1919. 
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CHAPTER V 


INTERPRETATION OF THE g-FORMULA; THE 
PAULI VERBOT; THE SPINNING ELECTRON; 
SPIN DOUBLETS 


20. The interpretation of the g-formula. 
This remarkable empirical formula, which clears up the 


main complexities of the anomalous Zeeman effect, can be 
given the following interpretation on the Landé model: 


H 
| 
| 
| 
I 
| 


bk oe a a ee 


| 
| 

| 

| 

| 
Jy 


In the first figure, LJS is the Landé model of a multiplet 
term (/,7,s) in which the parallelogram formed by LS pre- 
cesses round its diagonal J owing to the ‘coupling’ forces 
between the core and the series electron. Under the action 
of a magnetic field H (not so strong as to break down this 
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coupling action) J precesses round H. The second figure 

represents the surface of a sphere through whose centre 

are drawn lines parallel to 8S, J, L, H of the first figure 

meeting the surface in the points S, J, L, H. The dotted 

arc is some fixed are through H. The two precessions 

round J and H are given by the rates of increase of % and ¢. 
As before J, L, S are respectively 


oviGF), AvideD, bse), 


and J,,, the projection of J upon H, = mee : 


The g-formula is 


IG+ D)+s(s+I)—t+ 1) 
=] aves 
ete 29 (j + 1) 
J2+ 82 — [2 
SL SaaS ra 
Jigs [2 
But cos (JS) = OS ’ 
S 
so that g=1+ 7 008 (JS). 
Jy mh 
If 6= (JH), cos 9 =" = 5, 
__ 2nJ cos 0 
cay eae 
2ar 
", mg = > cos {J + S cos (JS)}. 
Now Ap, the Zeeman separation, = mgo, 
ig, ON J cos 6 + S cos @ cos (JS)...... (1). 
2a Oo 


From the spherical triangle of the second figure, 
cos (SH) = cos 0 cos (JS) — sin @ sin (JS) cos os. 


3-2 
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Taking time mean values, denoted by a bar, 
cos (SH) = cos 0 cos (JS) .....eeeeee (2), 

since cos y = 0 owing to the periodicity of cos #. 

Also J cos 0 = Jz = L cos (LH) + S cos (SH), 
whence 
J cos = Leos (LH) + Scos (SH), taking mean values...(3). 

Using (2) and (3) in (1) we have 


hAv —— FT aoe UNE) 
Ino — 1008 (LH) + 28 cos (SH), 


eH —— pees ese 
hAy = 2m,c [L cos (LH) + 28 cos (SH)], ...(4), 


inserting the value of o. 
Thus the series electron has additional energy due to 
: I, and 


My C 
© g§. For the 
2MyC 


series electron the ratio of magnetic to mechanical moment 
has the classical value e/2m,)c, while for the core the ratio 
is twice as large, namely e/myc. 

These assumptions are necessary to account for the 
g-formula by the Landé model. 


the field equal to that of a magnet of moment 5 


the core that of a magnet of moment 2. 


Pauli’s criticism of the core theory. 

In December 1924, Pauli! showed that in the case of 
the alkalis of higher atomic number (Z) where the K 
electrons are revolving near a large nuclear charge Ze, a 
pronounced relativity mass variation must occur, so that 
the ratio of magnetic to mechanical moment (= e/m)c) 
for the core must show marked change with Z, on account 
of the relativity variation of m,; the value of m, would 


1 W. Pautt, Zs. f. Phys. 31, p. 373, 1925. 
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depend upon the orbital velocity of these K electrons of 
the core, and this in turn upon Z. This means that the 
nature of the Zeeman effect must depend upon nuclear 
charge, if the core is the seat of the mechanical moment S, 
or the magnetic moment eS/myc. 

Pauli showed that the g-formula would become 


Die eee LL (iat =I} 
ine | ah 
i 25 (j + 1) 
2 
where y = 1 — 5 (Z — 1)?, anda = ae , the fine structure 


constant! of Sommerfeld. (a? = 5:31 x 10.) 

Thus for Na (Z=11), y=1-—-003, 

KZ 19), = 1-009, 
Rb (Z = 37), y= 1—-034, 
Cs (Z= 55), y=1—-078. 

Experiment shows that there is no dependence, of this 
kind, of the Zeeman effect upon nuclear charge, so that 
it must be inferred that the core of the alkalis (which is 
the same as the atom of the inert gas just preceding the 
alkali in the periodic table) has no mechanical or magnetic 
moment. 

[On the Landé core theory, the core electrons of the 
alkalis would have angular momentum corresponding to 


S= : and therefore equal to 
(Vi ese ey h op 3 
peter id) ct yl ri 
21. Pauli’s exclusion principle. (The Pauli verbot.) 
A month after the criticism of § 20, Pauli had turned to 
a new line of thought, hinted at in that paper; and this 
was that the quantum number s must be associated with 
the series electron and dissociated from the core. Thus all 


the quantum numbers were assigned to the series electron 
1 Q.T.A. § 60. 
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alone, though nothing was said as to what the electron 
was to do with the corresponding momentum S. 

Pauli! then formulated the following axiom: “Every 
and no two electrons in the atom can have the same four 
quantum numbers.’ 

This is Pauli’s exclusion principle or the Pauli ‘verbot,’ 
which leads in a striking manner to a theory of the possible 
number of electrons, 2, 8, 18, 32, ... in the K, L, M, N,... 
shells of the elements in the periodic table (§ 29). 


22. The spinning electron. 

In the above theory, Pauli is not committed to any 
form of model representation of the atom; the quantum 
number s has lost its original Landé significance and has 
been transferred from the core to the electron which has 
now four degrees of quantum freedom. 

In November 1925, Goudsmit and Uhlenbeck? proposed 
their theory of the spinning electron; the electron was 
supposed to be spinning about an axis like a top or a 
planet, and it was suggested that the angular momen- 
tum S previously assigned to the core was in fact the 
angular momentum of the electron about its axis. 

The idea of a quantised spinning electron had been used 
by Compton’ in 1921 in relation to the magneton, but the 
thought of using it to clear up this Landé-Pauli difficulty 
(§§ 20, 21) originated with Goudsmit and Uhlenbeck, 
who were then unaware of Compton’s idea. 

It is surprising that while nearly all the attributes of an 
astronomical model, the solar system (sun, planets and 
their orbits), had been taken over into the theory of the 


1 W. Pautt, Zs. f. Phys. 31, p. 765, Jan. 1925. 

2 G. E. UntenBEcK and S. Goupsmrr, Naturwissensch. 47, p. 953, 
Nov. 1925; Nature, 117, p. 264, Feb. 1926. 

8 A. H. Compton, Jour. Franklin Inst. 192, p. 145, 1921. 
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atom, the important feature of the rotation of the planets 
about their axes had escaped attention until then. 

The quantum numbers have now the following meaning; 
as before, n, J are the principal and azimuthal quantum 
numbers of the electron in its path and m is the azimuthal 
quantum number representing its potential behaviour in 
a magnetic field, but now s is the quantum number for 
the spin of the electron itself. 

The anomaly of § 20, that the magnetic moment corre- 
sponding to S was eS/m c, just twice the normal value, 
now disappears. For it is found that Abraham’s old calcu- 
lation! of the ratio of magnetic to mechanical moment 
for a spinning charged sphere gives the result e/myc. 
This is twice the normal value for an electron revolving 
in an orbit, which is just what is needed in the g-formula 
theory. Abraham found for a spinning charged sphere that 
the rotational energy 7 

lea ; 
“oa? 
where a is the radius of the sphere. Therefore the mechani- 
cal moment p¢ 
ET ee 
= 3679 


lea? ; 
Also the magnetic moment was found to be 3 = ¢@ and 


2 
the mass m, to be ec , so that the ratio of magnetic to 
: 3ac e 
mechanical moment = eee ah 


23. Spin doublets. 


Consider a stationary state in which an electron describes 
an orbit about a core producing a central field. The orbit, 
if the spin of the electron is neglected, is of the rosette 


1 M. Asranam, Ann. der Phys. 10, p. 105, 1903. 
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type, where there is a secular precession of the orbital 
form in its own plane; the quantum numbers are n, I. 
(The k of Sommerfeld’s rosette theory is our / + 1.) 

The electron, owing to its velocity v in the central 


field E, is acted upon by a magnetic field (Ev), which 


is perpendicular to the plane of the orbit; owing to its 
spin the electron is a small magnetic top upon which this 
magnetic field produces a couple whose axis lies in the 
plane of the orbit. This causes a precession of the spin 
axis about the normal to the plane of the orbit at such a 
rate as to compensate for the orbital precession and so 
conserve the angular momentum of the atom. Thus 
corresponding to the state n,/ with no electron spin, there 
will in general exist a set of states which differ in the 
inclination of the spin axis to the orbital plane defined 
by the quantum number s. If the spin corresponds to a 


: 1 
one quantum rotation, s= 5 and there are two such 


states; this agrees with the value used in Zeeman theory 
for the alkalis, with their single series electron. 
Then since (§ 4) 


es p—5)<i<0+ 5 


so that j =1+ . except when / = 0 when j =5 only. It 
is at once apparent by reference to the table of the doublets, 
§ 11, that the two values of j, namely J — : and 7 + s 
correspond to the doublet separation for a given J; thus 


Senate Ss 
ford 1,9 5 and 9 Bive the separation of the doublet 


1 Q.T.A. § 67 and figure of § 64. 
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terms p,, p,; for] = 2,7 = 3 and 9 Sive the separation of 


the doublet terms d,, d,, and so on. The two values j =7+ 7 


depend upon whether the direction of the spin is with or 
against the direction of the orbital precession; the energy 


difference between the states n, J, 7, where j = 1 + 3° is the 


“spin doublet’ separation. 

24. Harly difficulties of the spin doublet theory. 

In November, just after the publication of the Natur- 
wissenschaften! note by Goudsmit and Uhlenbeck, 
Heisenberg and Pauli made a preliminary calculation on 
the older quantum theory which led to a spin doublet 
separation twice as large as the experimentally observed 
values. It was hoped that the calculations made by the 
new mechanics might put this right; at this stage, Goudsmit 
and Uhlenbeck, encouraged by Bohr (who had visited 
Leiden just before Christmas and had taken up the idea 
with great enthusiasm) wrote the note in Nature? on the 
spin theory of the doublets, which appeared with the 
mystery of the factor 2 still unsolved. Just after this note 
had been written, Pauli found that the new mechanics 
did not do away with the factor 2, but almost simul- 
taneously Thomas*® showed that the discrepancy dis- 
appeared when the kinematical problem is examined 
more closely from the point of view of the theory of 
relativity. 

The precession of the spin axis previously calculated 
was that in a system of coordinates in which the centre of 
the electron is at rest, whereas the nucleus is at rest and 
the electron is in motion. Lorentz transformations from 
the electron to the nucleus sufficed (§ 120). 


1,2 Foot of p. 38. 
3 L. H. THomas, Nature, 117, p. 514, April 1926. 


CHAPTER VI 


X-RAY SPECTRA AND THEIR MULTIPLET 
THEORY ON THE NEW MECHANICS; 
SCREENING AND SPIN DOUBLETS 


25. X-ray spectra and the spinning electron. 

The theory of the spinning electron has led to a new 
insight into the meaning of the multiple structure of X-ray 
spectra and has cleared up the theoretical difficulties which 
were met with in the attempts to account for the so-called 
screening and relativity doublets of these spectra by rela- 
tivity considerations alone; it promises also to throw light 
on thé so-called ‘ branching’ of spectra, which usually accom- 
panies the addition of a further electron to an atom and of 
which so far no satisfactory explanation has been given. 


26. X-ray spectra (Kossel’s theory). 

The electrons revolving round the nucleus form the Ge be 
MM, ... shells reckoning outwards from the nucleus, the corre- 
POUIKbE principal quantum numbers being n = 1, 2, 3,.... 

A K line of the X-ray spectrum is produced by the 
ejection of a K electron from the atom and its replacement 
by an electron from one of the outer shells L, M,..., 
which transition causes the radiation; an ZL line is due to 
the ejection of an L electron and its replacement by an 
electron from one of the outer shells M, NV, ...; and so on. 
The K lines tend to a limit corresponding to the fall of 
an electron from the edge of the atom to a K level. This 
limit is found by observation of the ‘absorption edge’ of 
the K lines, and if v is the frequency corresponding to this 
‘edge,’ hy is the energy ‘term’ of the K group}. 

27. Screening number. 

The action of the nucleus upon an electron in an L orbit, 
for instance, is affected (i) by the inner K electrons which 
to a first approximation behave as if at the nucleus, 
(ii) by the outer M, N electrons which behave approxi- 
mately like the charge on a spherical shell and thus their 

1 Q.T.A. chaps. XIV, Xv. 
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effect is small, (iii) by the other L electrons, which form a 
central repulsive force. Thus on the whole the electron is 
acted upon by a central force due to an effective nuclear 
charge (Z — o) e, where o is a ‘screening number’ repre- 
senting the effect of (i), (ii), (iii). 

The experiments of Moseley and Darwin can be ex- 
plained by supposing the X-ray ‘terms’ of an element 
whose atomic number is Z to be given by 


N = (Z— o,)?f/1?, for the K terms, 
N = (Z— o,)*h/2?, for the L terms, 
N = (Z — o;)*R/3?, for the M terms, 


and so on, where o, < o,< o;..., N is the wave number 
and #& is the Rydberg constant 109677. 


— 


28. Bohr’s grouping of the electrons into shells'. 
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1 Q.T.A. chap. XVI. 
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The preceding table shows the building of atoms with 
increase of atomic number; the lowest member of each set 
is an inert gas He, Ne, A, Kr, X or Nt, and in each of 
these the shells involved are just complete; the M shell is 
completed with A, the N shell with Kr, and so on. Each 
inert gas is followed next in the periodic table by an 
alkali, so that the core of an alkali emitting an arc spec- 
trum is one of the inert gas atoms, which as we have seen 
(§ 21), has no mechanical or magnetic moment. 


' 29. Deduction of the Bohr groups by the Pauli verbot. 
The four quantum numbers of Pauli (n, J, 7, m) for an 
electron satisfy the conditions 


m= 1, 2B ces 
t= 0,1, 2,...(%— 1). 


jg=l+ = except for / = 0, where j = 3 S only (§ 23), 


m= +5, + (j—1), ... (§ 18). 
Thus for the K shell, 


LL 1 
(Bee "at B= a O DS Gs Oe 
so that only 2.electrons can be in the shell, by the verbot 
principle, § 22. 


For the L shell, 


1 1 
f= 0} I= 5 3 dig =r 
1 
n= 2, I= 53> m= 45, 
Yeh: 
2’ We 2? + 5: 


| so that 8 electrons form the full shell. 


h. 
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For the M shell, . 


Pate ] 
t=-0, J= 95: m= +5, 
pearl Mitek 
Pex J=5> Ms 3. 
tee 3 3 1 
= Bt J=95> ULE Tea i bee ai 
Ge ie 31a 
ays "a Pie 9° = 5 
eres 5 5 3 


so that 18 electrons form the full shell. 

For the N shell this scheme requires 32 electrons, and 
so on, the whole being in agreement with Bohr’s numbers 
derived from very general considerations of spectra (§ 28). 


30. The Bohr-Coster diagram}. 


In this diagram, p. 46, ae “ is plotted against Z for the 
K, L, M, ... terms of the elements. The formula 


ee 
1 Operas | 


shows that for the K terms the graph is a straight line, if 
the o, remains constant for all the elements; the same 
applies to the L, M, ... terms. On looking at the Bohr 
table (§ 28) it is seen that the full WZ shell of 18 electrons 
is not complete until Z = 30, so that the screening number 
o, is not constant until Z = 30; thus the graph in the 
Bohr-Coster diagram of the M terms up to Z= 30 is 
irregular and after that remains straight. 

Again, the N shell is changing up to Z = 48 when it has 
18 electrons; no further change occurs until Z= 56, when 
changes begin, until at Z= 70, the N shell has its full 


1 N. Bour and D. Cosrsr, Zs. f. Phys. 12, p. 342, 1923. 
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number of 32 electrons. In the Bohr-Coster diagram this 
again is indicated by curved lines up to Z = 48 and be- 
tween Z = 56 and 70, but straight lines between Z = 48 
and 56 and beyond Z= 70; the points of change appear 
as sudden bends in the curves. 


31. Multiple structure of the X-ray terms. 

In the Bohr-Coster diagram there is one K term for 
any element, 2 to 3 LZ terms, 3 to 5 M terms and so on. 
This multiplicity is exactly analogous to that of the optical 
doublets, both as to the number of terms and their mode 
of combination; hence the principal quantum numbers 
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n = 1, 2,3, ... are assigned to the K, Z, M,... terms and 
_ quantum numbers /, j are used for the multiple structure 
of the terms. For the optical doublets the scheme is 


1 3 5 
Dimes PO 
Ss 
Py Pe 

d, d, 


where Al = + 1, Aj = + lor 0, and/ = 0, 1, 2, ... (wn — 1). 
Hence for the X-ray terms the schemes are: 
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and so on, with the same rules of combination: Al = + 1, 
Aj=+1lor 0. 

These terms, 1 K term, 3 LZ terms, 5 M terms, 7 N terms, 
agree with the Bohr-Coster diagram. It may be noted 
that in this diagram the curves L,,, La, are parallel, as 
are also the pairs My,, My; Mo, Ms; Nu, Nor; Noe, Noa; 
N33, Nyg; the tables show that the members of a parallel 
pair have the same j but different /’s. 


32. X-ray screening doublets. 
Since the curves L,,, LZ, are parallel in the Bohr-Coster 


diagram, the difference of the NE = for the L,, and L,, 


terms is the same for all the elements; such a pair of terms 
gives rise to a ‘screening’ doublet (Hertz)!. They have 
the same j but a different /, so that they correspond to 
rosette orbits of different shapes (for the shape is deter- 
mined by /); hence the screening effect of the core electrons 
is different for the two terms. 


= 2 

Thus for Ly, a= “ a ; 
RNA ANS 
and for L,,, = = kas 


, 


Therefore the difference of these two we - gigi = O32.) 


and is independent of Z; thus the parallelism of the curves 
in the Bohr-Coster diagram is accounted for. So for the 
two screening pairs of the M terms and the three 
screening pairs of the V terms; and so on. 


33. X-ray spin doublets. 

These are pairs of terms having the same / but different 
48, for example Who Wiel eos 0, eee 
Ns, N33; Nag, Nyy are pairs of terms each giving rise to 
a ‘spin’ doublet. The differences are due to the different 
orientations of the spin axis of the electron corresponding 

1 G. Hertz, Zs. f. Phys. 3, p. 19, 1920. 
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‘ 1 ; 4 : 
tog=l+ 3 (§ 23). Since for a given pair of terms the 


orbits have the same / they have the same rosette form 
and thus the same screening constant o. Later theory 
will be given to show that the spin doublet separation 
is proportional to (Z—o)*, (§35); the screening doublet 
separation is, however, independent of Z. This is shown 
qualitatively in the Bohr-Coster diagram, where for large 
values of Z the spin separation L,, ~ In. is seen to be 
large compared with the screening separation L,, ~ L,,. 
The spin doublet does not become measurable until about 
Z = 30, when the two L levels split into three. 

For the L terms we have the graphical representation 
given by Uhlenbeck and Goudsmit: 


j= Sommerfelds k=2 


fea 
I= 
Screening " k=1: 
re ad ae 
Ly 


l=0 


The original theory of Sommerfeld explained the spin 
doublet Ly. ~ L., as a relativity effect where his quantum 
number & of the theory of the hydrogen fine structure? | 
changed from 2 to 1 (n= 2 for the L lines); and then he 
could not really satisfactorily explain the screening doublet 
L,, ~ LE, as that needed difference of orbital form for the 
L,, and Ly, terms just when his & could not change. On 


1 Q.T.A. chap. Vil. 
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| the theory of Uhlenbeck and Goudsmit, the old Sommer- 
| feld relativity doublet of the X-ray spectra is due to the 
| spin of the electron, and is the spin doublet of the new 
| theory; variation of orbital form, such as relativity intro- 
| duces, then accounts for the screening doublets. 


34. Optical doublets. 

In the case of the optical spectra of the alkalis the 
screening doublets vanish, as the screening number o is 
the same for all orbits with different /’s and the o, — a,’ 
of § 32 is zero. This is because only for a very small part 
of the time in the orbital path does the series electron 
dive into the core!; while for the X-ray doublet the 
exciting electron is within the core all the time. 


j= 3 Sommerfeld’s k=2 
ae 
2 


2? k=1 


The optical doublets are entirely due to electron spin, 
1 


and for a given / are determined by two j’s equal to J + 5 


The X-ray transitions. 


The structure of the X-ray multiplets is determined by 
the conditions Al = + 1, Aj = + 1 or 0 (§ 4), which must 
be satisfied for any transition between two levels. 

The figure shows that the K, and Kg lines are doublets 
and that the D, line has seven components. By this scheme 
the nature of the multiple structure of any X-ray line can 
be found. 


1 Q.T.A. §§ 82, 91. 
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35. The magnitude of the spin doublets as given by the 
new mechanics. 

Heisenberg and Jordan! using the new mechanics worked 
out the motion of a spinning electron (— e) moving under 
a Coulomb field due to a nucleus (Ze) taking into account 
the relativity mass variation with velocity. (The calcu- 
lations are given later in § 127.) 

The energy of an orbital state or multiplet term whose 
quantum numbers are n, J, 7 was found to be 

Oe yas oe 1) 10+ 1)—s(s+ »} 
ne ns 21 (1+ 4) (1+ 1) 

Ca? Z4 (3 1 
+ lan TTS 


1 W. HuEIsENBERG and P. Jorpan, Zs. f. Phys. 37, p. 263, 1926. 
4-2 
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where C = Rch, R being the Rydberg constant 


Qa? met 
ch 


2 
and « the fine structure constant = a (§ 21). 


= 109677 


(a2 = 5:31x 10-5.) 

The first term of (1) is the usual Balmer term, the 
second is the spin term and the third the relativity fine 
structure term. The spin doublet separation corresponds to 
different j’s with the same / and is equal to the difference 


in the values of (1) when j = 1 Las (cf. figure of § 33) 

and is therefore 

Ca? Z* i" +4)0+8)—(—4)(+ 2} _ Catz’ Sia 
ns 21 (2 + 4) + 1) ee ee (ay 

it has exactly the form of the Sommerfeld formula for 

the separation in the relativity fine structure for hydrogen 


with his k replaced by 7 + 1. 
[The Sommerfeld term for the fine structure of hydrogen 


Ores kina 
a € ae in} , so that the difference for a change 
ee 1 
> — —— 1 
k>k—1is hy isos 


The Z of this theory is the effective Z after screening of 
the nucleus is allowed for and is thus the Z — o of § 33, 
so that the spin separation varies as (Z— o)* in the 
notation of that paragraph. 

The screening doublet separation corresponds to different 
V’s with the same j, and is equal to the difference in the 


values of (1) when 7 = 7 + = 


eel : 
When] =j + 3? the expression (1), omitting the Balmer 
1 Q.T.A. § 60. 
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term which does not change with J, becomes, writing 
1 


2 3? 

ORES Dis ME Ne evel 
n® 2(9 + 4) (J+ 1) (7+ 8) 4n -j+l 
a l- 3g 1 3 1 

+HG+)"& fri 1 
ae 1 3 
=o ieee " ORO CLR cae (2). 
When / = j — : , the expression becomes 
‘oan 1 ie ie | 
nm |4(9+3) An j 
Ca?Z* 1 3 
ape |- Fem Gor =| isaeteveaess (3). 


(2) and (3) are the same, so that the screening doublet 
separation vanishes (cf. the first figure of § 34). 


36. For the Z terms of the X-ray spectra of the higher 
elements, the Z of § 35 (which is the Z — o of § 33) is 


different if 7 changes from 7 + 3 to j— A as the orbits 


are inside the core with shells of electrons outside them so 

that the screening number o is greatly affected by the 

change of shape of the orbit, implied in the change of J. 
The screening doublet is then dependent mainly on the 


_Balmer term and is equal to ks (Z’2 — Z*), where Z’, Z 
nN 


are the effective Z’s corresponding to 


bo! 


5 ra | : 
(cf. figure of § 33). 


CHAPTER VII 


THE PASCHEN-BACK EFFECT AND THE 

SOMMERFELD FORMULA; LANDE’S FOR- 

MULA FOR THE MAGNITUDE OF THE 

ALKALI DOUBLETS; THE TRIPLETS OF 
. THE ALKALINE EARTHS 


37. The Paschen-Back effect. 

Every single line of a multiplet exhibits in a weak 
magnetic field a typical Zeeman effect whose separations 
are proportional to the field and are symmetrical with 
respect to the original line. (The field is regarded as weak 
when the Zeeman separations are of smaller order than 
the width of the original multiplet.) If the field is in- 
creased, the Zeeman lines of the different components of 
the multiplet spread out and overlap. Before this over- 
lapping begins, an unsymmetrical distortion of the single 
Zeeman types shows itself, and this applies to the inten- 
sities as well as to the lie of the lines when the field becomes 
strong; certain lines flow together while others, losing their 
intensity, vanish; and finally the lines form a normal 
Zeeman triplet whose separation is large compared with 
the breadth of the original multiplet. This normalising of 
the Zeeman effect by strong fields was discovered by 
Paschen and Back}. 


38. General theory of the Paschen-Back effect. 

The model of a multiplet state has coupled momenta 
- S, L whose resultant is J, precessing round J. If the 
magnetic field is weak and so does not affect the internal 
coupling between S and JL, its effect is to cause a pre- 
cession of J about the axis of the field. This, as has 


1 F, PascuEn and E. Back, Ann. der Phys. 39, p. 897, 1912. 
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been seen, gives the Zeeman terms mgo, where m is + j, 
+ (j — 1), ete. But in strong fields, the coupling between 
L and S is broken down; each precesses indepen- 
dently round the axis of the field and has a quantised 
component along the field whose quantum numbers are 
respectively m,, m,. These give separate energy terms 
m0, 2m,o0, on account of the double ratio of magnetic to 
mechanical moment for the spinning electron, and the 
Zeeman terms are (m, + 2m,) o. 

Since J is an integer and m,= +1, + (J— 1), ..., m, is 
also an integer; since s = - m, can only be se Thus 
m, + 2m, is always an integer and the Zeeman effect is 


normal, in accord with the observations of Paschen and 
Back. 


39. Sommerfeld’s formula for the anomalous Zeeman 
effect of the sodium D doublet. 


The figure shows the Paschen-Back transformation ot 
the sodium D doublet, the upper figure giving the lines in 
a weak field and the lower one the lines in a strong field. 
The line D, is twice as intense as D, and G is the ‘centre 
of gravity’ of the intensity of the two lines. The terms p,7 
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enclosed with a circle lose their intensity so that the 
result of the strong field is the normal Zeeman triplet. 

Sommerfeld! gave the quantum theory modification of 
Voigt’s original classical formula? of the anomalous effect 
for this doublet and found 


4mow 
Vv — Vg= om — ent ees Toya 
the upper sign holding for sp, and the lower for sp,; 
also w= Av, the original width of the doublet, and 
o = eH /4rm¢. 

By considering the cases of a strong field o Sw and a 
weak field o< w, and expanding the square root approxi- 
mately in the two cases, he was able to trace the changes 
shown in the diagram on p. 55 for the D doublet. 

The theory has recently been given on the new me- 
chanics by Heisenberg and Jordan, who agree with Sommer- 
feld’s result®; the calculations are given later in § 124. 


40. Landés formula for the magnitude of the alkali 
doublets. 

The doublet separation of the first line of the principal 
series of the alkalis increases with atomic number and 
becomes pronounced for the heavier metals of the series, 
increasing from -25 A for Li to 422-34 A for Cs. 

For an X-ray spin doublet corresponding to an effective 
nuclear charge Z,e and effective quantum number n,, the 
separation is 


Ree?Z A 


Av; = nel(+ 1)’ (§ 35). 


For an optical doublet, Landé supposes that the time ¢, 
spent in describing the inner orbital loop* within the core 
is small compared with the time ¢, spent in describing the 

1 A. SOMMERFELD, Zs. f. Phys. 8, p. 257, 1922. 

2 W. Voter, Ann. der Phys. 41, p. 403, 1913, and 42, p. 210, 1913. 


8 W. Hursunsure and P. JORDAN, Zs. £. Phys. 37, p. 370, equation 20, 
1926. 4 Q.T.A. p. 121 and § 147. 
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outer orbital loop. The latter is approximately a Keplerian 
ellipse described under an effective nuclear charge Z,¢, 
where Z,{= 1 for a neutral atom A, Z,=2 for A,, Z,=3 
for A,, and so on. Effectively ¢, is the time of revolution 
in the orbit supposed completely Keplerian. 


Core 


The inner orbital loop is described under the control of. 
the nuclear charge modified just as in the case of the 
X-ray doublet. 

Landé! supposes that Av for the optical lines is found 
approximately by multiplying the Av, of the X-ray 
doublet by the fraction of the whole period that the 
electron spends in the inner loop (where it is under the 
action which gave rise to Av,), so that 


Av= z gett ; 
ane 
Also the period ¢ in the orbit? is Tmetz3’ ®° that 
t; nN? Ge 
i, Zen?’ 
1 A. Lanph, Zs. f, Phys. 25, p. 46, 1924. 
2 Q.T.A. § 30. 
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where n, is the ‘effective’ quantum number, being the 
n — o,, of the Rydberg formula’. pai 
Hence Av for the optical doublet = Anos : a 
ReweZt 2,2 nF 
~ mF C41) Z2 ng? 
_ Reo®Z7Z7 
igh 1)” 
This is Landé’s formula giving a quantitative result for 
the dependence of Av upon atomic number. 

Bowen and Millikan? have tested this formula severely 
by -experiments,ion Boje By, Ci... Naas Ose ees 
Prices Seaages Clrin444- These and the known results 
of Paschen? on Al,, and Fowler‘ on Si,,,, all of which 
have one series electron revolving about an inert gas core® 
as in the alkalis, have confirmed the Landé formula. 


41. Atoms with two series electrons. 

Such atoms are those of the alkaline earths, where two 
series electrons revolve about an inert gas core. 

Each electron has its Z (quantum number J) and S 
(quantum number s); these quantities for the two will be 
denoted by suffixes 1, 2. 

The normal singulets and triplets of the alkaline earths 
can be accounted for by supposing that the coupling be- 
tween L,, L, and between S,,S, is strong compared with that 
between L (the resultant of L, and L,) and S (the resultant 
of S, and S,). In that case Z, S remain constant and 
precess about their resultant J. 

Then since S is the resultant of S, and S,, 


|s,—&|<s<s,+ 8, 


3 F. Pascumn, Ann. der Phys. 71, p. 142, 1923. 
4 A. Fowuer, Phil. Tr. Roy. Soc. A. 225, p. 1, 1925. 
5 Q.T.A. pp. 156, 157, § 92. 
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5 I Ee ae é ; 
and since $1 = Scena this condition is 0<s<l. 


Hence s must be 0 or 1. 
So since J is the resultant of L and S, 
|t—s|<j<l+s. 
Therefore if s = 0, 7 must = J and we have the singulet 
terms, and if s = I, 
}2—-1|<j<1+1], 
so that 7 = 1— 1, l, or 1+ 1 which are the ¢riplet terms. 


This is all in agreement with the singulet and triplet tables 
of § 5. 


42. The above is only a special case of the theory of 
coupling! of the vectors concerned, but it is beyond the 
purpose of this book to pursue these questions further. 
A full account of the ‘confused’ (verschobenen) terms of 
the calcium spectrum (due to excited states of the series 
electrons), and of spectra of higher multiplicity has been 
given by Hund? in his recent book on line spectra. 

The whole question too is affected by the new ‘resonance’ 
theory of Heisenberg which solves the problem of the 
helium spectrum, and which will be considered in detail 
in chapter XXVI. 


1 G, E. Usnuenseck and 8S. Goupsmit, Zs. f. Phys. 35, p. 618, 1926. 
2 ‘Linienspektren,’ by F. Hunn, Berlin, 1927. 


CHAPTER VIII 


THE NEW QUANTUM KINEMATICS OF 
HEISENBERG; MATRICES AND NON- 
COMMUTATIVE MULTIPLICATION 


43. The new quantum kinematics of Heisenberg’. 
On the classical theory a real coordinate g is represented 
by a Fourier series, i.e. 


q (t) = Ay + a, cos 2zrvt + a, COS 2 (27rvt) + Az COS 3 (27vt) +... 
+ 6, sin 2arvt + b, sin 2 (27vt) + 6; sin 3 (27vt) +..., 


where the a’s and 6’s are real constants. The series re- 
presents a set of waves of frequencies v, 2v, 3v, .... 
Writing exponential forms for the sine and cosine, 


1 : : : : 
q (t) =a + 2 (a, — 2b,) e?r"t + : (@_ — 0b) e? Ont) +... 


1 : ‘ 1 : ; 
+ 5(at ab.) ert + 5 (dy + 1b.) ce Privt) +, 


or @q (2) = 4% + Ger dk Ja 02 mtv) Viegay 


+ q_ye rt + g_,e* mvt) 4. |... suppose,...... (1), 
where g_, is the conjugate of g,; or g_,=q,*, where q,* 
denotes the conjugate of q,. 
Hence gt)= S, G6. OR) (2). 


On the quantum theory Heisenberg generalises this so 
as to express q (#) in terms of the amplitudes and fre- 
quencies of the spectral lines related to q (t). 

Such frequencies are known not to be of the classical 


1 W. Hutsensere, Zs. f. Phys. 33, p. 879, July 1925. . 
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type zv, but to be expressible (by the Ritz combination 
principle) as the differences of the ‘term’ series 
1 et Mel ad Le AR 
We write v (nm) as the frequency of the spectral line 
corresponding to the terms 7’, and 7’,,,, so that 
COT SW RTE BMD fe coe ee 7 EVES 

Thus v (nm) = — v (mn), and v (nn) =0. 

The aggregate of all the possible waves is 

qg (11) et” DE, g (12) ei 02)t, og (13) emir ft3)e 

q (21) em L)t,  g (22) erm @2)t, gy (23) e2miv (23)4 

g (31) et Bt, g (32) em 24, g (33) e2miv @B)t ---(4). 
These terms form a ‘table,’ which is denoted b 

(q (nm) aid (nm) *) 
and the table represents the variable q, so that 
q = (q (mm) ert (nm)), 
and q(nm) is the amplitude corresponding to the fre- 
quency v (nm). 

The diagonal terms of the table (4), whose amplitudes 
are g (11), ¢ (22), ..., are constants, since v (11), v (22), ... 
are zero; these terms are a set corresponding to the term 
Q of the classical series (1). 

Just as for the Fourier series (1) to represent a real q, 
we must have g_,=q,*, so here must g (mn) = q* (nm), so 
that q (nm) g (mn) = | g (nm) |?. 


44, Use of matrices. 

In building up the laws of calculation for quantum 
- magnitudes q expressed by tables of this kind, Heisenberg 
- used the analogies of classical mechanics as far as possible; 
for the theory of conditionally periodic systems of classical 
mechanics has accounted for so much of quantum pheno- 
mena that he sought to retain the old mechanical laws 
and supplement them by a new scheme of kinematics. 


1 Q,T.A. § 15. 


f-th 


Ne 
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He considered the simplest case, that of Planck’s oscil- 


ett 
lator, for which the potential energy 1s 3 kq?; how was the 


table for g? to be found when that for g was known? 


On the classical theory 


g= =, qret, or Lg, exp 2aint 


and (G2 = (Sede CXP 2riort) (LoJoeXp 2ic’vt) — rs 


= Dele GoeYor CXP 211 (o + 0’) vt; 
and writing o+o =7, Or ¢o =T-@, 
g? = De Jo Gr—e EXP 2ritvt 
= 2, Q, exp 2int, 
where Qe = Dug Jo Irae « 
Thus the series of magnitudes Q, exp 27i71t represents q? 


in the same way that the series of magnitudes q, exp 2ai7t 
represents q; the Fourier series for g? has the same fre- 


quencies as that for g, and Q, = X4qeq;_s- 


Heisenberg put himself the question—can a multipli- 
cation rule for the qg(nm)’s be found by which from a 
table for g a new table for g? can be derived without new 
frequencies appearing, as in the classical theory? The 
answer was that the table is to be regarded as a matria 
in the theory of algebra. 


In algebra, the product of two matrices a = (a (nm)) 
ail) 4a (2 aetits)\ee 
a(21) a(22) a(23)... 


~\a(31) a(32) a (33)... eee 


is a matrix ¢ = (c (nm)), where 


c (nm) = X, a (nk) b (km). 
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Thus for two quantum tables, 
x = (x (nm) exp 2miv (nm) t) 
y = (y (nm) exp 2zww (nm) t), 
xy = (Ly x (nk) exp 2 (nk) t . y (km) exp 2aiv (km) t) 
= (2, x (nk) y (km) exp 277 {v (nk) + v (km)} ). 
But v (nk) + v (km) = (T, — T,)+ (Le — Tn), 
from equation (3), 
-f,-T,, 
= v (nm), 
so that xy = (2X, x (nk) y (km) exp 2ziv (nm) t), 
and the new table has the same frequencies as the tables 
for x and y. 


Thus matrix representation of the quantum variables 
depends upon the Ritz combination principle; and if z= zy, 


z (nm) = Xx (nk) y (km). 
The exponential time factors are usually not written in 
the matrices, but it is understood all the while that a 


term written just as z (wm) means z (nm) exp 2m (nm) t. 
As the matrices represent real quantities, 


x (nm) = 2* (mn), 


i.e. the matrices are of the Hermite type. 


45. Some properties of matrices. 
(i) a=b means a(nm) = 6 (nm), 
a=b6+c means a (nm) = b (nm) + c (nm), 
a = be means a (nm) = &, b (nk) c (km). 
The laws (ab)c=a (bec) and a (b+ c)=ab-+ac hold, 
but ab is not in general equal to ba; in cases where ab = ba, 
a and 6 are said to be ‘commutable.’ Hence the commu- 


tative law of multiplication does not hold in general for 
quantum variables. 
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(ii) The unit matria 


l= or (8 (nm)), 


Peto Os Oss: 
ge Gunes 
ORs LS Ore a 
where 8 (nm) = 1 forn=m 
= 0 for n +m. 
Also al = (2; a (nk) 6 (km)) 
= (a(nm)), since 5 (km) = 0 for every k except m, 
=H. 
*. al=a. 
So la= a, and 1 commutes with any matrix a. 
The reciprocal matrix a—! is defined by a-ta = 1. 
Since a~!a = 1, then a (a-1!a) = al = la. 
(ga-*) a = 1a. 
Le 
Thus ata = 1 =aa—", so that a-! and a commute. /” 


(iii) A diagonal matrix is one of the form 


a(ll) 0 0 
0 a(22) 0 or (a (nm) 8 (nm)). 


0 Oe oss)... 


As in the Heisenberg matrices there is a time factor 
eeniv(nm)t multiplying each q(nm), the diagonal terms of 
any matrix are independent of ¢, so that a diagonal matrix 
. corresponds to a constant of the classical theory. But 
the converse is not necessarily true—a constant need not 
always be a diagonal matrix. If certain of the frequencies 
are zero, say for example v (23) = 0 and v(14)=0, the 
terms (23), (32), (14), (41) are constants, so that a con- 
stant might be represented by a matrix containing 
these non-diagonal terms as well as the diagonal terms; 
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and so not be a diagonal matrix. This case of vanishing 
frequencies is the well-known case of a degenerate! system 
of the older quantum theory, which arises for instance in 
the case of the Keplerian orbit. For non-degenerate 


_ systems, a constant must be a diagonal matrix. 


46. The quantum condition for a single variable. 


Let ¢ be the coordinate and p the conjugate momentum. 
On the classical theory 


1 
J= ppdg = If pq dt, 


3 ‘Ge ; 
since — is a period, 
Vv 


If p = Xp, exp 2irvt, 
and q = Xq, exp 27itvt, 
then py = Xp, exp 2rirvt X, 2rivt gq, exp 2irvt 
= 2,Q, exp 2mirrt, 
where Q, = Xp Py 2riv (7 — k) q,-_, a8 in § 44. Ls Ko 
rh y 
‘3 { " pqat = | ¥,Q, exp 2nirvt dt 
0 “0 
_ Ws 


p) 
Vv 


since only the constant term of the series yields anything. | “* 


But Qy = Expr (240) (= b) qs 
ae J = — 21 X,kp,9_x 


= — 271 X,7p,q_+, writing 7 for k...(1). 


But2 oF of the classical mechanics translates by the 


od 
AF 
correspondence principle into ee Oia of the older 
1 Q.T.A, §§ 55, 56. 2 Q,T.A. §§ 57, 151. 


BNQM 5 
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quantum theory, where AF is the change of a function F 
due to J changing by th. 

A classical amplitude A, (n) corresponds to a quantum 
theory amplitude A (n, n — 7). 

The equation (1) is therefore differentiated with respect 
to J to bring it to a form suitable for the use of the 
correspondence principle, and we have 


‘ 0 
] = — 272 2,T ay (orgs) pi alalaigislela\ are ete ets (2). 
Now ~, 4, (n)} translates into & (4 
ow a7 { + (n)} ranslates into = { (n,n — r)} or 


A(n+7,n+7—7T)—A(n,n—7) 
th ; 


so that + - {A, (n)} of the classical theory goes into 


; {An t7,0)— A (n,n —7)} 
of the quantum theory. 


Thus _ {p, (n) q_, (n)} of equation (2) translates into 
A 
ay WP (n,m — 7) q(n— 7, n)}, 
so that + S {p, (n) q_, (n)} becomes 


] 
zlp(m+7,n+7—7)Q(n+7—7,0 + 7) 
: — p(n, n—7)q(n—7,n)], 

or Z[p(n-+7,n)q(n,n+7)— p(n, —7)q(n—7,0)]. 

Hence substituting in equation (2) we have 
th 
gp = Ur tq (n,m + 7) p (n+ 7,0) — p(n, n—7)q (n — 7, n)} 

= &; {¢ (nk) p (kn) — p (nk) q (kn)}, since n is large. 
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But the right-hand side is the (nn) term of the matrix gp —pq 
or the nth term of the diagonal. Thus all the diagonal 


terms of the matrix gp — pq are equal to ly where h is 
TT 


Planck’s constant. 
This clue was generalised into 


where 1 is the unit matrix, the step to be justified by 
results, 

Thus the quantum condition of the older theory leads 
to an algebraic equation which makes it possible to per- 
form calculations in the new and wider scheme of dynamics 
where the classical equations are used, but with a non- 
commutative multiplication law for the variables. The 
difference between pq and qp is known in terms of Planck’s 
constant h. As h +0, pq > qp and we pass over to the 
classical mechanics. 


47. Matrices infinite. 


The Heisenberg matrices have an infinite number of 
terms. 
This follows from the equation 
th 
Le {g (nk) p (ken) — p (nk) g (kn) = 5s 


for if the number of states n were finite, then 
X, Ux {¢ (nk) p (kn) — p (nk) g (kn)} = 9, 


since for a finite sum the order of the terms can be altered. 
and they cancel in pairs. 


But =, i would be le and so would not be zero. 
Qa 2ar 
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48. This stage of the theory was reached in September 
1925 by Born and Jordan!, who had developed Heisen- 
berg’s original speculations put forward in the preceding 
July. 

Early in November, Paul Dirac”, also starting from 
Heisenberg’s new idea, had worked out a theory on some- 
what different lines; he discovered that the quantum 
conditions for a multiply periodic system could be inter- 
preted in terms of the well-known Poisson bracket ex- 
pressions of the classical mechanics. 

1 M. Born and P. Jorpan, Zs. f. Phys. 34, p. 858, Sept. 1925. 


This paper will be referred to as ‘Quantenmechanik 1’ or ‘Q.M. 1.’ 
2 Pp. A. M. Dirac, Proc. Roy. Soc. A. 109, p. 642, Nov. 1925. 


CHAPTER IX 


THE THEORY OF DIRAC; USE OF POISSON 
BRACKETS; THE ENERGY LAW AND 
BOHR’S FREQUENCY CONDITION 


49. Properties of Poisson brackets. 

(i) In the classical dynamics, if x, y are functions of the 
coordinates g,...q,; and the momenta p,...p,, the ex- 
pression s & oy Ox a 

1 \0qe OP, — Oe OY 
is denoted by [xy] and is called a Poisson bracket. 
Directly from this definition it follows that 
[pps] = 0, [rs] = 0, 
and [g,;] = 5 (rs), where 6 (rs) = 1, when r = s, 
=O, Oyy> (at FES 
(ii) They have also the properties 
[wy, z] = [zz] y + xyz]. 

By the use of these equations [wy] can be built up from 
the expressions [q,,],[,Ds], [Mrs], if x, y can be expressed 
as power series in the p’s and q’s. 

For instance 

[g*, p*] = [a4 p*] = lap") ¢ + ¢ Lap"), 
and [gp*] = — [pp, a] = — p [pg] — [pa] p 
= 2p, since [qp] = 1 by (i). 
“. [g?, p?] = 2pq + 29Gp. 

(iti) Canonical transformation}. 

If we change the variables from p, g to new variables 
P, Q by a canonical transformation (which leaves the 

1 ‘Analytical Dynamics,’ by E. T. WarrraKeErR, Cambridge, 1917. 
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Hamiltonian equations unchanged in form) it is a known 
result of the classical mechanics that 


Oe Oy Om oy\ €& oy ou ct | 
sas boy epee *\0Q,0P, OP, 0Qx/’ 

or that [ay] is the same for the new as for the old variables. 

Hence [P,P] with respect to p, q= [P,P,] with respect 
to P, Q = 0, by § 49, (i), and so forth. 

Hence [P,P,]=0, [Q,9,]= 0, [Q,P.] = 6 (rs), with re- 
spect to the p’s and q’s, are the conditions for P, Q to be 
canonical variables. 


50. Dirac’s procedure}. 

Dirac considers the expression xy — yx of the quantum 
theory and finds the corresponding formula of the classical 
theory to which it must tend for large quantum numbers; 
in the latter theory x, y are functions of the coordinates 
q,---G; and momenta p, ... p, of a multiply periodic system 
of s degrees of freedom. 

Thus on the classical theory, 

= Lin nom, U (Opnne basse 5) OXP 21d. (O,0, eae, 
where a, ... a, are integers, and the J’s and the vt’s are the 
action and angle variables”; or 


x= Xx (a,J) exp 21 (av) t, for brevity...... (1). 
The stationary states correspond to 
Jy = NPs = Neh, x00 « 
On the quantum theory, x is the aggregate of terms 
x (n,n — a) exp 2iv (n,n — a) t, 
where x (n,n — a) is the amplitude corresponding to the 
frequency v (n,n — a) due to a transition from the state n 


(quantum numbers 7, ... ,) to a state (n — a) (quantum 
numbers 7, — a, Nz — Qa, ... Ns — G,). 


? P. A. M. Dirac, Proc. Roy. Soc. A. 109, p. 642, Nov. 1925. 
2 Q.T.A. §§ 49 to 52. y 
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Then for large quantum numbers n 
a (n,n — a)>2 (a, J), 
by the correspondence principle. 
Now the nm component of the matrix wy — yw 1s 
Dp {x (nk) y (km) — y (nk) x (km)} exp Qariv (nm) t, 
so that Dirac considered its equivalent for large n, m: 
ees eC a,n —a— B) —y (n,m — B) 
x a(n — B,n— B— a)} exp 2rtv (n,n — @ — B) t. 
This expression is equal to 
SE, {[x (n,n —2)—a(n—B,n—B—a)] y(n — a, — a —B) 
—[y (n,n — B)—y (n— a, n — a— B)}x(n— B,n— B— a) 
x exp 2miv (n,n —a— B)t...... (2). 
But aa (n,n — a) translates into Lar t (a, J), (cf. 
§ 46), where A is the change due to each n, becoming 
N, + Tp; also the n’s are large, so that 
a(n,n—a)=a(n+i,n+l—a), 
where J is any number not large. 
Using these, the expression (2) translates into 


Se E lar. ze (a, N} y (B, J) 


atp=an-m r=1 
0, lay (B, I} ete, | exp 27i {(av) t+ (Rv) i, 


because v (n,n — a — f) translates into 
(a We Px) Vy Fosse ae (as an Bs) Vs 
of the classical theory = (av) + (8). 
Again the angle variable w, canonical to the action 
variable J, is w, = v>t + €,, where ¢, is a phase constant. 


0 0 


' Ow, 0 (vrt)” 
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ae {y (Ps J) exp 2ni (Bv) 4 


2 (Y (B, J) exp 2ri (Biri ont Bite tn 8 


6 
= 27iB, y (B; J) exp 2m (Bv) t 


Thus the nm component of the matrix xy — yx trans- 
lates into 
h a) ; 
—— Ladp Lp aT {x (a, J) exp 271 (av) t} 


27d a+p=n—m 
x = fy (B, J) exp 2m (By) 8) — =5- fy (B, J) exp 2ni (Br) 8 
Me so {x (a, J) exp 277 (av) a], 


so that the matrix itself becomes 


h Ox 0 Oy Ox : 

ont (By. dues ~ Bur Bo,) DS (1) 
u th s (= oy om oy) 
ty "\Ow, Os, Ody OW, 
_ th (= Oy ox oy 


"\3q, Bp, Op, a) bre aoa 


th 
oe [xy]. 


Lae for large quantum numbers xy — yx corresponds 
to 5 = ” (ay) of the classical theory, where [xy] is the Poisson 


een of « and y. This result is taken over into the 
quantum theory and generalised thus: ‘The difference be- 
tween the Heisenberg products of two quantum variables 


is se times their Poisson bracket expression, where the 


Poisson brackets are assumed to obey the same rules and 
to be calculated formally as in the classical theory.’ 
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This is Dirac’s new postulate for two quantum mag- 
nitudes x, y; it runs 


th 
ay — yo= 5 ea dl Racor IO (3). 


He calls « and y g-numbers, as distinct from ordinary 
numbers, which he calls c-numbers. 


51. The quantum conditions for several variables. 
Dirac takes over into the quantum theory the equations 


[99s] = 0, | = 0, (9, Pr] =1, La,Ds| =0,r # 8. 
Using (3) of the last article, these results are 


UIs — WsVr = ie for all r and s 
PrPs — PsPr = 0) 


GrPs — PsQr = 0, ibe r#s wees eceee (1). 
th 1 
Ur Pr — Pr Ir = On 
These are the quantum conditions for a system with 
several variables and are the generalisation of the quantum 
condition of § 46. They were first given by Dirac? and. 
were shortly afterwards found independently by Born, 
‘Heisenberg and Jordan’. 
52. The general equation of motion. 
The methods of Heisenberg and Dirac are both used, 


and supplement one another. 
On the classical theory, if x is a function of the p’s and qs; 


: (Girne, Ox . 
But if H is the Hamiltonian, 
el. Gls ie 
Cpr = dk» Odk = — Pr 
: 0x OH ox OH 
so that £=Xy Ga. aan: ml ; 
eo | ell}. 


1 p. A. M. Drea, Proc. Roy. Soc. A. 109, p. 642, Nov. 1925. 
2 M. Born, W. HeEIsEeNBERG and P. JorpDAN, Zs. f. Phys. 35, p. 557, 
Nov. 1925. This will be referred to as ‘Quantenmechanik 11’ or ‘Q.M. m1.’ 
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This equation is in a form which can be taken directly 
over into the quantum theory as 


j= [cH] ‘Soe (1); 


Using the Dirac equation xy — yx = = [zy], equation (1) 


takes the Heisenberg form 


The interpretation of « now is that it is the matrix 
whose components are the time differential coefficients of 
the components of x, so that as x has constituents 


x (nm) exp 2miv (nm) t, 
& has constituents 
2riv (nm) x (nm) exp Ziv (nm) t, 
or, omitting as usual the time factor, we write 


& = (2rtv (nm) x (nm)). 


53. The Hamiltonian equations. 
On the classical theory, the Poisson bracket [p,x], where 
x is a function of the p’s and q’s, is equal to 
(se OL Op; a 
"\OGr Op, OP, OG,/ ” 


_ _ Py Ot _ Oe 
BS nee Be ci ae 
ODx 
Writing «=H, [p,H])=— aS Du 
Ode 


oH 
(q,H] = dh 
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These are the Hamiltonian equations and they are taken 
over unchanged into the quantum theory as 


p= [pH] 
q=[qH] 
They are special forms of the general equation 4 = [vx] 
of § 52, with « = p and x = q. 
The corresponding Heisenberg’ equations are 


pH —Hp= 5 |pH]= 5° P 


\, for each p and q. 


th . 
qH — Hg= 574 
54. If x commutes with p and with q, it commutes with 
a function of 7, q. 
To show this, we deduce that if [px] = 0, and [gx] = 0 
(for these mean, by the Dirac equation, that px = xp and 


qr = xq) then Lf (p, q), oo 0. 
But [px]=0 means A 0 and [qv] = 0 that 
from (1) § 53; 


hence f(g 21-2 (2-2) — 0 


Ox 
op 


Og Op Op 0g 
55. We now introduce the diagonal matrix 
1 
eee Tao i 


(aa ee 


where 7',, 7'z, 7's, ... are the Ritz terms of § 43. 
Then if 2 is a quantum variable, 
Px — eT = (Zy, {T (nk) x (km) — x (nk) T (km)}) 
= (T (nn) x (nm) — « (nm) T (mm)), 
since 7’ (nm) = 0 if n#m. 
1 Q.M. 1, equations (40). 
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 Pe—aT = ({T, — Tn} a (nm)) 
= (v (nm) x (nm)), 
since 7, — Tm = v (nm), § 43, equation (3). 
But & = (2atv (nm) x (nm)), § 52; hence 


. 
Te ees or aT —-Tx==— ft. 
Q71 27 


56. The energy law and Bohr’s frequency condition. 


From § 52 cH — He = é 
TT 
and from § 55 Cl — Ta = 50 &, 
7 
therefore u(H —hT)—-(H—-hT)x=0 ......... (Ty: 


Writing H for x this becomes 
H (H —hT)-— (H-hT)H=0 


or Bie TA = 0 aceon dee (2). 
But «7 — Tx = so é, and writing H for « in this we 
have Hee .. (3). 
Qa 


Hence from (2) and (3) H = 0, and is constant. There- 
fore for non-degenerate systems, H is a diagonal matrix 
(§ 45 (iii)), whose terms may be written H,, H,, H;,.... 

Again equation (1) gives 

dy, & (nk) LH (km) — hT (km)] — &;, [H (nk) 
— hT (nk) x (km) = 0 
or x (nm) {H,, — hT'»} — {H, — hT,} x2 (nm) = 0. 
'. Hy >= 1 ,,) = hela eee (4). 

This is Bohr’s frequency condition that hv is the energy 

change between two stationary states; it has been deduced 


by means of the new scheme of equations from the Ritz 
law of spectroscopy. 


BOHR’S FREQUENCY CONDITION Tal 


These equations were given by Born, Heisenberg, and 
Jordan!, but the difficulties they met with in their efforts 
to preserve the Hamiltonian form of the equations of 
motion by a suitable form of matrix differentiation have 
been avoided by the use of Dirac’s Poisson bracket theory, 
because in the classical mechanics the only differential 
coefficients essential to the theory can be put into Poisson 
bracket form. 

Dirae’s first great contribution to quantum mechanics 
was the discovery that the quantum conditions take a 
Poisson bracket form (§ 50), thus enabling the classical 
equations to be taken over into the quantum theory 
without a theory of formal matrix differentiation being 
necessary. 

1 Q.M.1 and w. 


CHAPTER X 
THE HARMONIC OSCILLATOR 


57. The harmonic oscillator. 

The new theory of the harmonic oscillator was given by 
Heisenberg! in the paper in which he first outlined the 
new mechanics; he showed that the energy of a stationary 
state of the oscillator is hy (n + 4), thus for the first time 
giving a dynamical theory which naturally led to the half 
odd integer quantum numbers which multiplet theory had 
so long asked for. Heisenberg’s paper contained the ideas, 
but there was no attempt to give a rigorous theory of the 
oscillator; this was given later by Born and Jordan? as 
follows: 

For the oscillator, 


1 1 
= ae MOLE ee: 
H ts + 9 k¢?. 


The Hamiltonian equations are g = “a Me a kq. 


: k k 
.. G=— <4, and writing — = (27y,)?, 
‘ oP : Se ( ™¥0) 
Ga-(2mv,)) G = 0)... cee (I). 
Writing q = (q (nm) exp 27tv (nm) t), we have from (1), 
{— 42°v? (nm) + 477v97} ¢ (nm) = 0 


or {v4 (nin) — ¥,*hig (nm) = 0. 1... see ees (2). 
The quantum condition 
th 
PE eae 


yields, (if we note that 
P= Moq OL p= (Mm 2miv (nm) g (nm)), 


1 W. Heisensere, Zs. f. Phys. 33, p. 879, 1925. 
2°@sMinre , 3 i 


THE HARMONIC OSCILLATOR 79 


and write down the diagonal term, the (nn) term of the 
matrix) 


Le {q (nk) mo 2ariv (ken) gq (kn) — mo 2rriv (nk) q (nk) q(kn)} = a, 
Since v (nk) = — v (kn), and q (kn) = q* (nk) or 
q (nk) q (kn) = | ¢ (nk) |*, _ (§ 48) 
we have — D, 4m iv (nk) | g (kn) |? = o 
- yay (nk) |g (kn) |? = sn, Fie: (3) 
Also = sod? as 50 (27rv9)?q? 


= (2n®img Dp {— v (mk) q (nk) v (lem) q (em) 
+ v9?q (nk) q (km)}). 
The energy E (n) of the nth stationary state is H (nn), 
for H is a diagonal matrix whose terms are the energies 
of the stationary states; therefore 


E (n) = H (nn) = Ir? My Ly {92 + v? (nk)} | q (nk) |? 


(4). 
Equations (2), (3), (4) contain the solution of the 
problem. 
From (2), g (nm) = 0 except when v (nm) = + %, OF 
when E (n) — E (m) = + hy. 


From (3) it follows that, corresponding to any 7, an n’ 
must exist for which q (nn’) is not zero, otherwise (3) 


; therefore, corresponding to ”, 


would become 0 = — 
877? Mp 


an n’ exists for which H (n) — E (n’) is either equal to 
hy) or to — hv. 

Assuming there is no degeneracy (§ 45 (iii)), so that if 
n +m, then E (n) # E (m), there are at most two values 
of m for which E (n) — E (m) = + hy». 
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Denoting these by n’, n’’, we have the possibilities 
E(n)— E(n’) = hy 
E (n) — E (n”) = — hy (A), 
ie E (n’) ae 


the former corresponding to 
v(nn’) = vo at ie 
Aes 


v (nn’’) 
and the latter to 
= — Vo 
hd }@ 


and in both cases v — g (nn’” 
Be (3) becomes, since q ae )= pe when k = n’ 
or n”” 
h 
, “\ |2 ut iy | 
v nn’) |g (| + v (nn) |g (nn) | atm,’ 
h 

/ 7 2 a 4/ 2 id ieee 

or v(m’) {| g(nim’) 2 — | g (mn) |} = — 5 ...(5). 


Also (4) becomes 
E (n) = 217? mo [{v9? + v? (nn’)} | g (nn’) |? 
+ {v7 + v* (nn’’)} | g (nn’’) ‘i 

or E (n) = 4n®amgvy? {| q (nn’) |? + | g (nm) |} ...(6). 

We now consider the two cases given by equations (A) 
and (B). 

It has been seen that for a given n there must be an n’ 
and there may be an n’’. 


First suppose that n’’ does not exist. 
Then (5) and (6) become 


v (nn') |g (nn’) |? = — — wabipineteeonte (7); 
E (n) = 47? move? | 9 (0) |? ......cc eee (8), 


(n’” being no longer a possible value of & in (3) and (4)). 
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For (7) to hold, v(nn’) must be negative; this rules 
out equations (A) and we can only have (B), where 
v (nn’) = — vo, so that H (n’) > E (n). 

Equations (7) and (8) then become 


h 
Dy 1A 
| gue) | i 87777 Vo 


h 
— 2 Pl |p, eee 
and E (n) = 42? my r% ( a ea ‘ 
or E (n) = ait. 


Thus there is at most one n for which no n” exists; let 
this be called n,, so that 
h 


~ Sir?-M5 Vp 


if 
E (n%)= 9% and | q (1m) |? toe 


For all other n’s there is both an n’ and an n”. 
Assuming for the moment that n, exists, we can find n,’ 
for which 


but there is no n,)’ satisfying 
E (ng) — E (1%) = — hv 
Denote this n’ by »,. From this we can derive two 
new numbers n,’, n,”’, which both exist, satisfying 
E (m’) — £ (nm) = hv 
E (n,”) — E (m) = — hv 
Comparing the second of these with the first of equations 
(10), namely, 
E (1no’) — E (1%) = hy or E (1%) — # (m) = — hyo 
(since n, = %’), we see that n,” must be 7%. 
Thus from n, we derive in this way 7, and m. 
If we denote n,/ by 72, we can by a similar process from 
n, derive np’ and n,; then we denote No by Nz and proceed 
in the same way. 


BNQM 6 


E (n9’) — E (m%) = - 
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Thus we have the scheme: 


ae 17 
Nae al ea 


where 14-1 = Ny= p41, except when k= 0, where only 
NM = m,; or what is the same, / = Ny41, Ny’ = Ny1, 
except when k= 0, where only m= %,, there being 
nO N%’. 

In this way is built up the sequence of numbers 

Ng; Ty, Ne, +5 

bounded in the direction m, and such that n,;’ = n,,,, 
and 2; = nye (k= 0). 

Thus for k#0, equations (5) and (6) become (since 


Vv (nn’) is now 
, E 175) — E n ‘ 
Vv (Np Nx ) — ( x) ] ( E ) Ss Vo)s 


h 
872m, V% 23.055. 


E (ny) = 42? mq v9" {| g (M241) e ert | q (N31) 3} (12). 


| @ (1x, Mreta) |? — |g (MMe) |? = 


Equations (11) are, writing u;, = | ¢ (x41) |®, 
h 
bt as 877? My Vo 
Un — U t 
Lee h2 8172 M9 Vp (13) 
U,— uU b 
# 9 8772 M9 Vo 
Also by equation (9) 
h 
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Adding, we have 


(& + 1) 


tL, = ——— 
8772105 V9 


or | Y (MMe) |? = 
Hence from (12) and (14) it follows that 


h 
E (nx) = Arr? Mp Vo" 821271) Vp {(k + 1) + k} 


or hy, (x iy 5) Petes tase (15). 


The whole of this depends upon the existence of this 
one 2, for which there is an n)’ but no m,”. If there is no 
such n, having this property, then we can start with any 
number N, and from it derive Nj’ and N,’, the former 
being denoted by N, and the latter by V4. We can then 
proceed as before and obtain a series of numbers ranging 
from — © to ©, as below: 


INES Fen ee 
yeh ee a 


i! 0 1 2 3 


Thus equations (13) would hold for every k from 
— «© to oo. But this is impossible since the magnitudes 
u, form an arithmetical progression of positive terms, so 
that there must be a least one at which the series ter- 
-minates in one direction; this corresponds to some finite k, 
which is contrary to the above result of assuming that 
there is no nm). Hence an nm always exists. 

Further, the sequence n), 71,22, ... contains every integer ; 
for if an integer m were omitted, we could build up a 
sequence backwards and forwards from m in the above 
manner which must terminate on the left at some value m, 

6-2 
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{! 
for which H (mm) = 5hv. But 9% = H (nn). There- 


fore m, must be m, so that m must be in the sequence 
No > N15 Ng 5 eeee 
Thus the solution of the problem is 
0, q (01) e2r7iv (01) a 0, ) 
ne q(10)e?7 (10) é, 0, q(12)e77 (12) é 0 +. 
0, q (21) e2niv (21) Li 0, q (23) e27iv (23) te 


’ 


where ~-{n-+--1,1) = », +¢-(w+-1t a C= = aps (n+ 1), 


7c Wasa) a Yaa it 9) a 
EL, = H (nn) = hy ae, 


The value H (00) = ee the ‘nul-point energy’ used 
2 Pp g 


by Planck and Nernst in the statistical problems of the 
quantum theory, is thus given naturally by the new theory. 
The phase in each component of the matrix is quite arbi- 
trary, as q(n+1,n)=|q(n+ 1,7) | e+,” where 
¢ (n+ 1,m) is an arbitrary phase constant, since only 
|q (n+ 1, n) | is determined above, and not g (n + 1, n). 


CHAPTER XI 


THE CANONICAL TRANSFORMATION; PER- 
TURBATION THEORY FOR NON-DEGENE- 
RATE AND DEGENERATE SYSTEMS 


58. The canonical transformation. 
P = SpS-1, Q = SqS-. 
Consider a set of variables p, q satisfying the usual con- 
ditions “1 
PrPs — PsPr = 0, UUs — Is9r = 0, UrPs — PsUr = ~ ) (rs) 1, 
where d(rs) = 1, r=8, 
=0,rFs. 
Transform them to P, Q by the transformation 
P = SpS-, Q = SqS*, 
where S is any matrix. 
Then 
Q,Ps re P,Q, = Sq,S-*Sp,S* i Sp,S-*8q,S™* 
= S (q,Ps — PsIr) S~?, since S18 =1=SS8-1 


= $3 (rs) 183 
= - 6 (rs) 1, 
since S, S-! commute with 1 and with any constant. 
So PoP, P,P, = 0; 
Q,Q:— QQ = 9- 
Thus the conditions of § 49 (iil) are satisfied and the 
transformation is canonical. These equations 
P = SpS-, Q = SqS* 
are the analogue of a contact transformation of the classical 


pueory 1 Q,T.A. § 40. 


86 THE CANONICAL TRANSFORMATION 


It will next be shown that if f(p, q) is a function of p, ¢ 
developable in powers of p, q, 


Ff (P, Q) = Sf (p, 9) S%, 
the f being the same functional symbol on both sides. 
It suffices to show that if this formula holds for two 
functions ¢ and % then it holds for ¢ + # and ¢y, as it is 
by the operations of addition and multiplication that f can 
be built up from p and qg. The former is obvious, and the 
latter follows because if 


¢ (P, Q) = Sh (p,q) S* 
and b (P, Q) = Sd (p,q) S+, 
then (P,Q) (P, Q) = Sd (p, g) S*S¢ (p, g) S+ 
= S¢ (p, 9) $ (p, g) S4. 
Hence FiP PQ) = 8 f (p.¢) Sa. 


In particular, if H is the Hamiltonian, 
H (Pe Q) = SH (Dp, q) fs hea 


59. The condition SS* = 1. 

This is the condition which S must satisfy in order to 
preserve the Hermite character of the matrices, which 
is essential if they are to represent real quantities (§ 44). 

The symbol § denotes the matrix whose rows are the 
columns and columns the rows of the matrix S; that is, 


S (nm) = S (mn). 
The asterisk denotes the conjugate complex quantity; 
S* is the matrix whose components are the conjugates of 
those of S. 
It may be noticed that if a = be then & = éb, for if 
a = bc, we have 


a (nm) = Xb (nk) c (km) 
a (mn) = X;,¢ (kn) b (mk) 
a (nm) = &;,€ (nk) 6 (km) 
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Now suppose the matrix p is of Hermite type and is 
transformed into the matrix P by the transformation 
P = SpS-; what is the condition that the new matrix P 
may be of Hermite type? 

Since p is of Hermite type, 

p (nm) = p* (mn) 
or Weta as scanecsos csr ennens (2). 
_ By equation (1) it follows that since P = SpS-1, then 


~ 


P = S-1ps and therefore 
PB — §-1*p*S* = S-1*p§*, using (2). 
If P is of Hermite type, P = P*, so that we now have 
P = §-1*p8*. 
Comparing this with the original P = SpS-1, we see that 
the Hermite character is preserved if 
RESIS Mama eiptantee ene RD (3). 
But SS-1 = 1, therefore _ 
ISS Fie gee snnt cocmnter ence (4). 
The condition (4) is equivalent to 
x, S (nk) S* (mk) = "i 
x, S (nk) S* (nk) = 1 
or the matrix S is ‘orthogonal’ (cf. § 68). 


60. Perturbation theory for one coordinate. 
The procedure is analogous to that of the classical 
theory. The Hamiltonian H (p,q) is given in the form 


Hy (p, 9) + AH, (p, g) + PH (Pg) + > 

where \ is a constant indicating the scale of the pertur- 
bation. Suppose the original problem for which the 
Hamiltonian is H, (p, ) has been solved, so that p, q are 
known matrices and H, (p, g) is @ diagonal matrix Ep. 

We now seek for a transformation matrix S to new 
variables P, Q such that P= SpS4, Q= SqS-1 and 

1 Q.T.A. chap. XXtI. 
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therefore H (P, Q) = SH (p,q) S-! (§ 58), with the con- 
dition SS* = 1 to preserve the Hermite type of matrix 
(§ 59). 
If the new A (P, Q) is a diagonal matrix H, so that 
SH (pq) S-? =O eee (1), 


the problem is solved, and the components of # are the 
energy levels of the perturbed system. 

Equation (1) is the analogue of the Hamilton-Jacobi 
equation of the classical theory and the matrix S that of 
the S-function of that theory!. 


First approximation. 
We have H = H, + AH, + ... and we assume that 


where the H’s and H, are diagonal matrices. 

The condition (1) viz. SHS-1= EF becomes, on multi- 
plying behind by S on each side, SH = ES. 

Substituting in this from (2), we have 


CS. + AS, at) (H, + Ve Aer = (Ey + AE, neath (Sp + AS, Bat) « 
Equating coefficients of powers of A, we have to a first 
approximation 


Dolly = pd, 
S, Hy) + SoHy = E,S,+ me ; 
Since H,=#,, 
”. SoH) — H,S,)= 0 
Sis nas Hos. = ES, we Pre Ariccaunwsos (3). 


Two cases arise, according as to whether the original 
system is degenerate or not. 


61. Undisturbed system non-degenerate. 
This is a system where no frequencies v, (nm) are zero 
when n # m (cf. § 45 (iii)); that is, no two energy levels 
1 Q.T.A. chap. v1, §§ 40-42. 
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H,(nn), H,(mm) are the same; all the terms of the 
diagonal matrix H, are different. 
The first equation of (3) § 60 is 


Xz {So (nk) Hy (km) — Hy (nk) Sy (km)} = 9, 


or S, (nm) [Hy (mm) — Hy (nn)] = 9, 
since H, (nm) = 0,n #™m. 
*, Sy (nm) hry (mn) = 0 ......-eeer ones (1); 


Since the original system is non-degenerate, vp (mn) # 0 
if m#n, and therefore Sp (nm) = 0 if m#n, but S, (nn) 
is not determinate from (1). 

Thus S, is a diagonal matrix. 

But since SS8* = 1, 

(So + AS}) (So* a AS, *) eel. 
es SySo* — 1, and S,5,* +. S,Sy* => 0. 
From the former, since S, is a diagonal matrix 
S, (nn) So* (nn) = 1. 
| So (mm) [2 = Lo ceeeeeeeeeeeees (2). 
Thus the ‘phase’ of S, (nn) is indeterminate and if we 
write 
Sp (nm) = | So (nm) | ee 
= enn) from (2), 
we can absorb e¢#) into the usual unwritten time factor, 
and write S, (nn) = 1. So we have effectively Saal: 
The second equation of (3) § 60 is now 


Streit, oy — Ly. 
*, &, (8, (nk) Hy (km) — Hy (nk) 8, (km)} 
= Ei, (nm) — H, (nm), 
or 8, (nm) [Hy (mm) — Ay (nn)] = E, (nm) — H, (nm), 
or — 8, (nm) hy, (nm) = E, (nm) — H, (nm). 
If n #m, then 
S, (nm) hv, (nm) = H, (nm), 
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since H, is a diagonal matrix; and if n = m, then since 
Yo (nn) = 0, 
E, (nn) = H, (nn). 

Thus H, is not a diagonal matrix, but its diagonal terms 
are those of H,. If we use the symbol H, to denote the 
‘time mean’ of the matrix H, over the undisturbed path, 
i.e. the matrix formed by writing all the terms of H, zero 
except the constant diagonal terms, then H, = H, and 
EH = H, + AH, give the new energy levels. This is exactly 
the analogue of the classical theory where the addition to 
the energy is the time mean of the Hamiltonian pertur- 
bation term taken over the undisturbed path?. 


62. Undisturbed system degenerate. 
Suppose, for instance, that 
Ay (nyN1) = Hy (N2N2) = Hy (Ns Ms); 
where n, # 2 #73, so that three energy levels of the 
original system fall together. Then v, (nm) = 0, not only 
if m = n, but also if m, n are any pair of 71, Ng, 3. 

Then from equation (1) §61, S,(nm) »)(nm)=0, so that 
as before S,(nn) is not zero; but as not before, S,(nm) is not 
zero if n, m are any pair of n,, N:, m3. In other cases 
Sy) (nm) = 0. Thus S, is a matrix made up of constant 
terms but is not a diagonal matrix; the pattern of its 
matrix is given on the next page. 

Also 8,S,* = 1 shows that S,(nn)=1, except for 
N = Ny, Ny, Or Nz, When its value is not unity. The crosses 
in the figure denote terms not equal to unity; the empty 
Squares are occupied by zeros. 

From the second equation of (3) § 60 we have 


S,H, — HS, = £,8,— 8,H,. 
— S, (nm) vo (nm) = E, (nn) So (nm) 
— Dy Sy (nk) H, (km) ...... (1). 
1 Q.T.A. chap. xx, §§ 133, 139. 
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Tf neither of n, m are members of the set 71, M2, Ns; 


— §, (nm) v (nm) = — Sy (nn) H, (nm), since Sp (nm) = 0 
then. 2, 8, (nm) vo (nm) = H, (nm). 
Thus H, (nm) has a value, not zero. 


Number of 
eae Ms Ns ~ column 


heal 
a a si 
ase nes ee 
2. 


Number of 


Also if n is not one of 7, M2, %3, We have, putting 
n = m in (1) and using Sp (nn) = 1 

0 = E, (nn) — A, (nn) 
or E, (nn) = Hy, (nn). 


Thus the diagonal terms of H, still give those of H, 
except in the case where m = 7 OF Nz OF 3. 


Thus H, is completely determined, except for three of 
its terms. To find these, put = m, in (1). Then 


— Sy (mM) Yo (Mmm ) = E, (m7) So (m1) 
— [So (mm) Ay (nym) + So (11) Hy (nm) 
+ So (m3) Hy (n3m)] = 9, 
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since S, (n,k) =0 except for k=, n, or nz (cf. the 
matrix pattern given above). 
Now put m successively 7,, N2, Ws and note that v (nz), 
etc. are zero. 
We then have 
O = So (my) [— By (my) + Hy (21)] + So (1 M2) Hy (221) 
+ So (Nz) H, (N32); 
O = Sp (my My) Hy (my My) + So (%4M2) [— Hy (M1) + Ay (MgNz)] 
+ So (mz) Hy (32), 
0 = Sp (mM) Hy (nyNs) + So (M1 Ne) Hy (M23) 
+ So (mM) [—E, (ny 21) + Hy (3s). 
Eliminating S, (n,71), So (nm N2) and Sy (n,N3), and writing 
E, = E, (n,n) we have 


A, (%%) — E,, Hy (n.n), HI, (n3M) 
0 = | Ay (np), Hi, (NyNz) — Ly, Hy, (nz) tanh) 
Hi, (ns), Hi, (nNz), Hi, (n3N3) — Ey 


The same equation would have been found for E, (n.7,) 
and H, (n3n3) had we put n = n, or n; in (1) and proceeded 
as above, so that the three missing terms of H, are given 
as the roots of the cubic (2). Thus the energy levels of 
the perturbed system are found, the three coincident levels 
of H, splitting up into three new and different levels. 

It may be observed that the matrix H, has constant 
terms not only in its diagonal but at the crossing points 
of the rows n,, n., n3 and the columns 7,, n., v3. Thusits 
‘time mean’ H, would not be a diagonal matrix but would 
be of the pattern of S, (p. 91), so that it fails to yield all 
the energy levels as it was able to in the non-degenerate 
case. 

But (2) shows that the levels are given by 

8) H, 8+ = E,, 
for this equation is 
S,H, = E,S8). 
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Since H, has only the terms H, (nn), H, (n,n,). where 
Np, Ny are a pair of N24, N,, Ns, this equation yields 
US (Ns) H, (n,Ns) = Ey (0, Ny) So (1p Ms) seeeee (3) 
and the elimination of the S,’s from the three equations 


of the type (3) gives the same cubic for the #;,’s as before, 
namely equation (2). 


63. Summary of the procedure. 

We take the time mean of the disturbing function AH, 
for the undisturbed path. If the original system is not 
degenerate, this time mean AH, is a diagonal matrix and 
the terms of H, + AH, are the energy levels sought for. 
If the original system is degenerate, then AH, is a matrix 
of constant terms but not a diagonal matrix. If a trans- 
formation SAH,S- is carried out so that this becomes a 
‘diagonal matrix \#,, then the terms of H, + AH, are the 
energy levels. 

The procedure is exactly analogous to that of the 
classical theory as applied in the older quantum theory?. 


64. Perturbation theory to a second approximation for a 
non-degenerate system. 
Using the first approximation results of §§ 60, 61 we have 
SHS = H. 
PES Hie HD, cca sean tent ascstes (1). 
Further, S = 1+A8,+ AS, +..., since Speco Bie 
non-degenerate system. Writing 
H = Ay+ AH, + A? + e0eg 
H —— Eig + AH, + AH + o0es 
and substituting in (1) we have 
(1 + AS, + A*S2 + ---) (Hy + AH, + 7A, +...) 
= (Ey + AH, + AH, +...) (L+ AS, + A2S, + «.-)- 


1 Q.T.A. §§ 139, 143. 
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Equating to zero the coefficients of the powers of A, we 
obtain 


Ho= LE, 
S,f,+ 4,=£, | 
S,H,+8,4,4+ 4,=2,8,+£,8,+ 2 
For the first order terms, we have from § 61 
Ei, (nn) = H, (nn) 
and S, (nm) hy (nm) = H, (nm), (n#m) ...... (2). 
The second order terms yield 
S,H, — H,S,+ 8,H, + H,— £,8,= E,. 
*, — 8S, (nm) hv, (nm) + &, 8, (nk) A, (km) + H, (nm) 
— EH, (nn) 8; (nm) = E, (nm). 
Writing m = n, we have 
XS, (nk) Hy (kn) + H, (nn) — E, (nn) S, (nn) 


The condition SS* = 1 yielded the first result S, = 1 
and also the equation 


S,S,* ot SyS,* = (§ 61), 
or S,+ S,* = 0 
or S, (nn) + Sy* (nn) = 0. 


Writing S, (nn) = Ce*, where C is real and ¢ is the 
phase, we have 
Ce#* + Ce-# = 0 


or 3 2C cos ¢ = 0. 
The phase is again arbitrary and C = 0. Therefore 
Sane ON 2... ek ee (4). 
Hence equation (3) becomes, using (4) and (2), 


EH, (nn) = H, (nn) + 2,’ 2 
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where the dash denotes that the term k= 7 is omitted 
- in the summation. 


Thus the energy is found to the second order of approxi- 
mation. 


65. Heisenberg! has expressed the view that though we 
are far from a rigorous theory of convergence of quantum 
theory magnitudes, there is this difference between classical 
and quantum theory that, for example in the last equation 
(5) of § 64, the v (nk) of the denominator cannot be made 
< the of analysis; there is a least v) (nk) due to the n series 
and the k series being bounded in one direction and heaping 
up to a limit as in the hydrogen spectrum, and not going 
to infinity both ways at equidistant intervals, as in the 
classical theory. Thus the convergence questions of the 
classical perturbation theory which give rise to the no- 
torious difficulties of the problem of three bodies probably 
do not arise in the corresponding quantum theory problem. 


1 W. HetsenBerG, Math. Annalen, 95, p. 683, 1926, 


CHAPTER XII 


THE ANHARMONIC OSCILLATOR; INTEN- 
SITIES OF SPECTRAL LINES; MATRICES 
AND QUADRATIC FORMS 


66. The anharmonic oscillator. 

This is worked out to illustrate the theory of perturba- 
tions of §§ 61-64; the importance of the result in connection 
with the theory of band spectra? is well known. 

The Hamiltonian for the anharmonic oscillator is 


gee i pet oe (27rvy)2q? + Aq? + ..., where A is small. 
2m, 2 


———<—<———— eed 
Hy (p; 9) AH, (p, 7) 


H, (p,q) is the Hamiltonian for the harmonic oscillator, 

which is perturbed by a term Aq? in the Hamiltonian. 
The solution for the original problem (the har-»} 

monic oscillator) has been found (§ 57) and is 

q = (¢ (nm)), where q (nm) = 0 except when 

nh 


m=n+1, and n,n — 1) |? = —_——- = 
la ( )| 877? My Vo 


atone 
8712 My Vo 
Also H, is a diagonal matrix and 


Hf, (nn) = hy, (n 4- 3)5 (1). 


Cn, 


suppose, where C = 


further, 
v(n,m—1)=y and v(n,n+ 1)=— yw. 
Again 
v (n, k) = {H, (nn) — Hy (kk)} /h 


1 
_ {he (n + 5) —hy (x “ a)t/* 
*. v(n,k) = (n—k) vy. 
1 Q.T.A. chap. xvm. 
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To calculate the perturbation, we have H, = q’. 
*, Ay (nm) = 214 (nk) g (Kl) ¢ (Im). 
Since q (ns) = 0 except when s is either n — 1 orn + I, 
the only possible values of h, 1, m, for a given n are given 
by the scheme: 


Thus H, (nm) = 0 except when m= n — 3,n—1,n+ 1 
orn + 3. 

The non-zero values of H, (nm) are: 

(i) H, (n,n — 8). 

The scheme shows the only possibilities to be 


BNQM 
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“. Hy (n,n — 3) = 2, Zig (nk) q (kl) g (Im) 
=q(n,n—1)q(n—1,n— 2)q(n— 2,” — 8). 
In the general result for H, (nn), which it is our aim to 
find, we require H, (nk) H, (kn) (§ 64, equation (5)), so that 
we calculate H, (n,n — 3) H, (n — 3, n), which is equal to 
q(n,n—1)q(n—1,n— 2)q (n— 2,n— 8) 
x q(n— 3,n— 2)q(n— 2,n— 1)q(n— 1,7), 
which 
= |¢ (n,m — 1)|? |g (nm — 1, n — 2)|? |g (wm — 2, n — 8)]?, 
since the matrices are of the Hermite type, 
= O8n (n — 1) (n — 2), 
from the data of (1). 
(ii) Hy, (n,n + 3) in like manner yields 
H, (n,n + 3) H, (n+ 3, n) 
= |q(n,n+ 1)|2|¢ (n+ 1, + 2)|? |¢ (vn + 2,0 + 3)|? 
= C3 (n+ 1) (n+ 2) (n+ 38). 
(ili) Ay (n,n — 1). 
The scheme shows the possibilities: 


*. Hy (n,n—1)=q(n,n+ 1)q(n+4+ 1,n)q (n,n — 1) 
+q (n,n — 1) {¢ (n — 1,n)q (n,n — 1) 
+q(n—1,n— 2)q(n—2,n— 1)} 
=q(n,n—1){|q (n+ 1,7)? + |¢ (n,n — 1)/? 
+ |g (v— 1,0 — 2)/3} 
=q(n,n—1)\C(n+1+n+n-—-1) 
= 30nq (n,n — 1). 
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*. H, (n,n — 1) A, (n— 1,2) = 9C02n? |q (n,n — 1)|? 
= 90° n'. 
(iv) H, (n,n + 1) in like manner yields 
H, (n,n + 1) Ay (n + 1, ) = 9C3 (n + 1)*. 
Hence substituting in 


B, (in) = Hy (an) + Ey SL 


hv (nk) 
and since H, is absent from H, to this order, we have 
C8n (n — 1) (n — 2) ert 1) (n + 2) (n+ 3) 
hv (n,n — 3) hv (n,n + 3) 
9C8n3 9C? (n + 1)8 
hv (n,n—1)° hy (n,n +1) 
and since v (n, k) = (n — k) vg, from the data (1), 
_ Ofn(m—1)(m— 2) (n+ 1) + 2) (w+ 3) 
eaten) — hv | 3 a 3 


kn) (5 64), 


E, (nn) = 


+ 9n§ — 9 (n+ 1) 


3 
oS 3n? — 38n — 2 — 9 (3n? + 3n + 1)} 
0 


C8 
aus Te (30n? + 30n 4+ 11). 


Also E, (nn) = H, (nn) = 0, since H, (nm) = 0 except 
when m =n — 3,n—1,n+ lorn-+ 3; and 


1 
Eh (nn) = Hy (nn) = hg (n + 5): 
Hence the energy of the nth state of the anharmonic 
oscillator 
= Ky nae + A2H, (nn) + 


a hy (m+ 5) x (E Cont +20 30n + 11) 
1 15A2h? Le 
ee (n 2 5) ~ 32% (Qn) %)° 5(”? BP 36 
inserting the value of C from (1) (cf. Q.M. 1, p. 883). 
7-2 
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The older quantum theory gave the result? 
15A7h? A 

sap =": 
32v, (277? 1M Vp)? 

67. Intensities and frequencies of spectral lines. 

On the classical theory an oscillator whose electric 
moment is the real part of Ce?”* radiates energy per 
second of amount 


hyyn — 


oe (CC*), (where C* is the vector conjugate to C), 
(2crv)* 
or 3¢3 |C [°. 


On the new quantum theory the electric moment is 

represented by a matrix whose components are 
A (nm) erriv(nm)t 
each component representing a transition. If a (nm) is the 
Einstein probability coefficient for the transition n > m, 
i.e. the number of transitions per second, the energy 
emission per second = a (nm) hy (nm), since hv (nm) is the 
emission in a transition. 
{2arv (nm)}4 
3c3 


The Einstein coefficient is the measure of the intensity 
of the spectral line whose frequency is v(nm) and is found 
by formula (1) directly from the amplitude A (nm) given 
by the matrix representing the electric moment. 


* a(nm) hv (nm) = | A (nm) |?...(1). 


68. Matrices and quadratic forms. 

Consider a quadratic form A (xx) = Xjm @ (NM) Lp %m and 
the matrix a = (a (nm)) associated with it. 

Make a linear transformation of the variables x to new 
variables y, where x, = 4,8 (In) y;,, and let S = (S (nm)) 
be the matrix associated with this. Let the transforma- 
tion be also ‘orthogonal,’ i.e. such that the quadratic ‘ unit’ 


1 Q.T.A. p. 216, 
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form U (xx) = =,2,2, with its ‘unit’ matrix 1, transforms 
into U (yy) = Xn Yn. 

Let A (wx) become B (yy) = nm b (2M) YnYm, With its 
matrix b = (b (nm)). 

Carry out the substitution of the y’s for the 2’s in A (xa). 

Then 

B (yy) = Zum & (nm) XS (In) yi US (km) Yx 
= Lnmd1dxS (In) a (nm) S (km) yy: 

Changing / into n, n to k, m to l, and k to m, this be- 
comes 

B (yy) = Zar ZnZmS (nk) a (kl) S (ml) Yn Ym 
Hence b (nm) = Xp, S (nk) a (kl) S (ml) 
=>, 8 (nk) a (kl) S(im), 
or b = Saf. 

The quadratic unit form U (xx) with its unit matrix 

transforms into U (yy) with its unit matrix; therefore 
1=818 or 8=S". 
rb = Sas. 

The new quadratic form iS Lym b (MM) YnYm and. if it is 
a sum of squares, b is a diagonal matrix. Thus the problem 
of transforming a matrix a by the use of a transformation 
matrix S to a diagonal matrix b is the problem of reducing 
a quadratic form to a sum of squares. 

This problem arose in § 60 where SHS™ had to be 
transformed to a diagonal matrix H. 

For finite quadratic forms’, it is well known that the 
quadratic form Ya (nm) @,%m transforms to a sum of 
squares Lb (nn) y,” if the b (nn)’s are the roots of the 
equation in b: 


(LW Oma) toe eA18) =) 
a(21), @(22)—b,... a (2s) 
a (s1), a (s2), ope oe b 


1 Courant and Hier, chap. I, § 3. 
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The terms of the diagonal matrix b are found without 
of necessity finding S. If the matrix a were H, these would 
be the energies of the stationary states; they are the 
‘eigenwerte’ of the quadratic form H (xx) corresponding 
to the matrix H. 

But, as we know, the matrices (and the associated 
quadratic forms) for quantum variables are not finite 
(§ 47); the corresponding theory has only been so far de- 
veloped for a limited class of forms by Hilbert and 
Hellinger!. Though the forms here used are more general, 
yet the properties of this limited class of forms throw light 
on this problem. These forms have the property that 
XnmHl (nm) xX_,Lm Goes not transform into &,# (nn) y,?, 
where there is a discrete set of n’s, but into 


E_E (nn) yn? + {E () ly ($)P aS, 


the first set of terms corresponding to discrete n’s and the 
latter integral to a continuous range of ¢. These corre- 
spond physically to a line spectrum and a continuous 
spectrum?. 

This outlook will not be developed further here, as the 
Schrédinger theory (chapter xvim), with its more highly 
developed analysis, leads to these results. 


69. Matrix notation in general. 

When several quantum numbers define a state, the 
letter n can be used to represent the state (n,, M2, ... Ns); 
and the term (nm) of a matrix corresponds to a transition 
from the state (n,... n,) to the state (m, ... m,). 


1 K. Hevxreer, Crelle, 136, p. 1, 1910. 
2 Q.M. a, pp. 590-5. 


CHAPTER XIII 


ANGULAR MOMENTUM RELATIONS; 
SELECTION AND POLARISATION 
RULES 


10. Angular momentum relations for one electron (Dirac'). 
Let 2, Y, 2, Pe» Py> Pz, be the Cartesian coordinates and 
momenta of an electron. Then the components of angular 
momentum are m,, m,, m,, Where mM, = YP, — 2Py> etc. 
The following are a series of angular momentum pro- 
perties required in the theory of the general Zeeman 
effect. 
The general quantum conditions of § 51 here run: 
[yz] = 0, ete., [p,p.] = 9, etc., [yp,| = 9, ete., 
[xp,| = 1, ete....... (1). 
Hence [my] = [YPz — Py y] 
= (yp: y] — [py y] 
= [yy] p. + y [py] — zy] Py — 2 Ly] 
= z[yp,| =z, using (1). 


“. [my] = 2. 
So [m2] = SY, 
[m,7]= 90. 


These formulae hold after cyclic change of x, Y¥, Z. 

(Note that the + sign occurs on the right-hand side if 
the cyclic order xyzw is present in the formula and the 
— sign if the reverse order xzyx is present.) 

(ii) [m, Pz] = 0, [mz Pul = Pz [m, Pz] sei Py: 

These are proved in the same way as (i). 


1 Pp, A. M. Drrac, Proc. Roy. Soc. A. 111, p. 281, March 1926. 
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(iii) [m,m,] = ™M,, [m,m, | = My, [m, my] = Mz. 
For 
[m,m,] = [2px — XD; mM, | 
= [zm,] Dy + 2 [p2m,] — [wm,] p, — x [p,m] 
= — 2py + YPz, using (i) and. (ii) 
=M-,: 
se [mym,] = Mz, 
and so on, for cyclic change of a, y, z. 


71. Angular momentum relations for several electrons 
(Dirac: ; Heisenberg and Jordan?). 

For all the electrons of a system, the components of 
angular momentum are M,, M,, M,, where M, = Xm,, etc. 


(i) Any function of the coordinates and momenta of 
one electron (r) commutes with any function of those of 
another (s) on account of the general relations 


[Pr Ps] = 0, lds] = 0, [Prds] =. 
and the theorem of § 54. 
(ii) For an electron (r), 
[M,Yr] = [am,, Yr] 
a LM. TF Mog —- May + «+. + Mog + oo, Yr] 
= [Mra Yr]; using (i) § 71 
= 2,, using (i) § 70, 
or dropping the suffix r 
[My] = z, for each electron. 
So [M,z]=-—y 
and [M,x]= 0, for each electron. 
(iii) In like manner 
[Me Px| = 0, [M,, Dy] = Pz [Mp] Sy 
for each electron of the system. 


} P. A. M. Dra, Proc. Roy. Soc. A. 111, p. 281, 1926. 
2 Q Mien 
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(iv) [M,M,]= M,, ete. } 


For [u,Y,] = [Dp My 5 XyMzz] 
= Dy Dy [MyM]. 
But MyM, = 0, k #1 by (i) § 71. 


.. [M, M,) = Ly [MeyMre | 
= Ly Mre, Using (iii) § 70 
== 
ae [iM,M,] a M,. 
These relations found by Dirac’s methods were given 
by Heisenberg and Jordan’ in the form 


M,M,— M,M,=  M., etc. 


(v) If M is the resultant angular momentum, then M? 
commutes with M,, M,, V,. 
To show this we have 
[M?M,| ar [M,? =F M,? ag M,?, M,| 
= [M,?+ M,?, M,], since [M,?M,] = 9, 
<a [M,?M,] err [M,?7M,] 
= M, [M,M,] ne [M,M,| M, a M, [MM] 
+ [MM] M, 
— — M,M,— M,M,+ UM, + U,M,, 
using (iv) § 71, 
= 0. 
Therefore M2 commutes with M,,; and so with M, and M/,. 
(vi) [M?a]= 2 (yM,— M,2). 
For 
[M?x] gp [M,? = Me on Me x | 
iad M, [M,x] an [M,x] M, A M, [M,x] ae [M,x] M, 
+ M,(M,2)+ (2) M, 
— — M,z—2M,+ My + yM,, by (i) § ae 
1 Q.M. u, equation (3), p. 597. 
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th 
(2) ew M,z— 2M, = ad 
But or Het. 
[M,y]=—« M,y— yM, = — 5% 


Using these we have 
[Mx] = 2 (yM, — M,z) 
or =2 (My — 2M,) 
th th 
Cr = 2 (My — Myz+ ma") = 2 (yl, — 2M, - 5° 2) : 
(vii) 5 [M2x]] = — M?x — «M?. 
To show this we have 


1 th 
9 LAL? [APP] = Ee M,y — M,z+ wa 


= M,[M?y]— M, (M2) + 2 Len 
(since M? commutes with M, and M,, § 71 (v)), 
= 2M, (cM, — M2) — 2M, (M,x—yM,) + 2 [Me] 
= 2(M,«2+ U,y+ M,z) M,— 2(M,?+ M,?+ M,?)« 
Ltd 
“3 op [M? 2] 


since M,x2 = «M, (§ 71 (ii). 
But for an electron (7), 
Magy Lp + MypYr + Map Zp = O 
from the definition of m,, m,, m, (§ 70); hence 
M,«+M,y+ M,z=0 
for each electron, using § 71 (i) and proceeding as in § 71 (ii). 


Nee Re 
“- o[ [M?x]] = 2MP« + > [MPa] 


= — 2M?x + [Ma — +M?) 
= — Mx — «7M. 
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72. Selection and polarisation rules for an atomic system 
where the forces have symmetry about an axis. 

Suppose the system non-degenerate and take the axis 
of symmetry as the z axis. Then since the forces have no 
moment round Oz, M,= 0, so that M, is a diagonal matrix. 


Using [M2] = 0 
or M,z—2M,= 9, 
we have 
=, {, (nk) z (km) — z (nk) M, (km)} = 0 
or M, (nn) z (nm) — z (nm) M, (mm) = 9, 
since M, is a diagonal matrix. 
. 2(nm) {M, (nn) — M, (mm)} = 0......-+ (1: 
[M,2]=y M,«—«M,= thy 
So or ete 


lead to ih 
y (nm) (IM, (nn) — M, (mam)} = — $= 2 (nm) 


Thus from (2), if in a transition n> m, M, (nn) does 
not change, z(nm)= 0, y (nm) = 0, and the light is 
polarised parallel to the z axis. 

But if MW, (nn) does change, then from (1), z (nm) = 9. 

Also from (2), writing A for {M, (mm) — M, (nn)}, 


xz (nm) A = — wh y (nm)| 
y (nm) A= +e (nm) 


whence {x (nm) + ty (nm)} {A + | 0) 


{x (nm) — vy (nm)} {A — xt = 0. 


108 SELECTION AND POLARISATION RULES 


Hence we must either have 


Aim ue and x (nm) + ty (nm) = 0 


Qa’ 
or Ace tana (vin) — ey eee 
2ar 


bets. 
Thus if M, (nn) changes, it can only do so by + 573 in 


each case the light is circularly polarised in the plane zy, 
and when viewed at right angles to the field appears 
polarised at right angles to the field. 


h 
Thus in general M, (nn) can only change by 0 or + — 


Therefore M, (nn) must be of the form (n, + C), 


where n, = ... —2, — 1, 0,1, 2,... and C is a constant; 
and also n, can only change by 0 or + 1. 
An, = 0 corresponds to polarisation parallel to the field 
and An, = + 1 to polarisation at right angles to the field. 
These results may be summarised as: 


x 
y (1, N) =0 


2(m,%,+1)=0 
@ (My, My + 1) + ry (1%, m+ 1) = 90 
@ (My, My — 1) — ty (m%,m— 1)=0 


? 


the last pair following from equations (3). 


73. Since the results of §72 follow by the use of the 
formulae 


[Wx] 2s [M,y] aia, [M,z] = 0, 
and since by § 71 (iv) 
[M, M,] ae a, [M,M,}= Sat Me [M,M,] = 0, 


we see that the argument may be repeated with M,, M,, M, 
taking the place of a, y, z. 
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Hence we have also for an axial field the results: 
bl 
Ny, (m1, %4) = 9 


M, (m, m+ 1)=9 
M, (n,,% + 1) + tM, (m,m + 1)=0 
Dd he (m1, ee 1) a iM, (1, Ny 1) = 0 


74. Alternative deduction of the selection and polarisation 
rules. 

If M,=>p and is the action variable corresponding to 
the angle variable ¢ (the azimuthal angle about the axis 
of z), then since 


[1,2] = 4%, [M,y] i= [1,2] = 0, 


we have [M, [(M,«]] = Wy] = — &. 

-. [p[pe]]= —2 
So [p [oy = — 7 of faa AE RL (1). 
but [pz]=0 


Now expand x as a Fourier series in ¢, so that 
x = La,e”?. 
Then on Dirac’s theory}, c, gives the matrix constituent of 
a which corresponds to a quantum transition by p of 
magnitude nh, or to a change of of magnitude n. 
The coefficient c, contains all the action variables and 
also all the angle variables except ¢. 


-, [pa,|=0 and [p,e*] = — ine”?, 
the former because p commutes with all the variables in 
Gp», and the latter by § 82 (v). 


. [pe]= X[p, ane”? 
= —j>na,,e, 
-, [p[ px] = — una,e?. 
1 P, A.M. Drrac, Proc. Roy. Soc. A. 110, $4, p. 567, 1926. 
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But [p[pxz]] = — x, from (1), so that 
xa, = In?a,e™, 
i= 1 or a, =%, 

Thus only a, and a_, are not zero, and only changes of 
n, by + 1 lead to amplitudes which are not zero. 

Again if z= Xc,e"*, 
the condition [pz] = 0 of (1) leads to 

—ir=nc,e" = 0, 
so that c, = 0, except when n = 0. 

Thus only c, is not 0, and only non-changes of n, lead to 
amplitudes which do not vanish. 

Hence the quantum number 7, associated with p can 
only change by 0or+ 1. If the change is zero there is 
only a z and the polarisation is parallel to Oz, but if 
the change is + 1 there is only an x and y, so that the 
polarisation is in the plane z = 0, and viewed edgewise is 
seen perpendicular to the field. 


CHAPTER XIV 


THE THEORY OF THE LANDE 
NUMBERS m, 1, j 


75. The nature of the azimuthal quantum number m. 

In the Landé-Pauli theory of the Zeeman effect the 
angular momentum about the axis of the magnetic field 
‘ mh 
is equal to = , 

Qa 
(§ 16). In the notation of §72 this m= n,+ C and the 
selection and polarisation rules for n, therefore are those 
for m, since An, = Am.~ It still remains for the theory to 
prescribe what the actual values of m can be and not 
merely to say how m can change. 

We therefore consider a free atom acted upon by an 
axial field and take the axis of symmetry of the field as 
the z axis. Let the Hamiltonian be H = H,+AH, + ..., 
where H, is that for the undisturbed atom. 

The field does not affect M,, so that M, = M,,, where 
the suffix 0 refers to the undisturbed atom. 

Also for the free atom, M/,,, M,,, U., and M, are all 
constant. 

M,,, M,, M,, though constant are not all diagonal 
matrices on account of the relations [J/,, M,,] = M.,, ete. 


ih 
or M,,M,, — U,, Mv = 5 


For if we take M,, to be a diagonal matrix, the last 
equation gives ¥ 
a 
M,, (nm) M,, (mm) — M,, (nn) M,, (nm) = = M,, (nm) 


where m is the azimuthal quantum number 


M,,, ete. 


or M,, (nm) [I,, (mm) — M,, (nn)|= ue (nm) ...(1). 
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If also M,, is a diagonal matrix, M,, (nm) = 0. There- 
fore M,, (nm) = 0. 

Also writing m = n in equation (1), M,, (nn) = 0. 

Therefore M,,=0, then from [M,,M,,]= M,, and 
[M,,M.,]= U,, it follows that M,,=0 and M,, = 0. 
Thus if two of the three are diagonal matrices, then all 
three vanish; thus at most one of the three is a diagonal 
matrix though all three are constant; this means that the 
undisturbed system is degenerate. 

This degeneracy is removed by the external field, so 
that the results of §72 can be used, and by allowing A to 
+0, properties of the undisturbed atom can be found 
which relate to the quantum number m representing its 
potential behaviour in an axial field. 

The stationary states of the free atom depend upon a 
set of quantum numbers (such as J, k, 7) whose ensemble 
is represented by n,; those of the disturbed atom depend 
upon 7, and also upon the n, of § 72. The matrix notation 
(nm) will now mean (n,7,m,m,) and indicate a transition 
from the state n,n, to the state m,m, where n, has changed 
to m, and at the same time n, to m,. 


Since 
M,, = 0, M,,H,) — H,M,, = 9 (§ 52, equation (2)) 
or M,, (nm) H, (mm) — H, (nn) M,, (nm) = 0 
or py (eye (nt) == 02; 5. ves games (2). 


But since H, is independent of n,, 
Vo (24MM, Ny) = O 
and Vo (NyNYM,M,) # 0) * 
Therefore from (2), 
ie (N4N%M4N_) + O 
and M,, (NM, M.) = OJ’ 


so that M,, is a diagonal matrix for n,. 
So for M,, and M,?. 
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Again since [M?M,]= 0 or M?M,— M,M*= 0, 

M? (nm) M, (mm) — M, (nn) M? (nm) = 0. 

Therefore M? (nm) = 0, n # m, so that M? is a diagonal 
matrix for n,. Hence in the limit for A — 0 this property 
still holds and M/,? is a diagonal matrix for n,. Thus M,? 
is a diagonal matrix both for n, and n,. 

But M,, is too, so that M,,?+ M,,” is also a diagonal 
matrix for n, and n, (though M,,, M,, separately are only 
diagonal matrices for ,). 

oe ete ar BY bs (21 NzN1 Ny) 

Se Dy, Ly {M,, (M1 Ne kk.) M,, (ky ky Ne) 
+ M,, (No ky ky) My, (ky k,n N-)} 
= Dy, {M,, (ny Nz kN) M,,, (ky NN Nz) 
+ M,, (My Nzhky Nz) My, (hy N21 N)}, 
(since M,,, M,, are each diagonal matrices for n,, so that 
for example M,, (n,n,k,k,) = 0 except for k, = ng) 
a iy {|M,, (14 gk, M2) |? + |M,, (14 Ny ky Ne) |7}, 
since the matrices are of Hermite type and therefore 
My (hy 22% N2) = M,,.* (24 Nz ky N2). 

Thus the diagonal terms of the matrix M,,? + M,,? are 
always positive, and so therefore are those of the matrix 
M,? — M,,? which is the same quantity. 

Therefore since M,? (n,n2N1N) does not depend upon 7, 
then for a given ”, M,? (n,n2%N2) is fixed. But 

ee (Ny NyNy No) 
which is equal to 


hy? 
M,? (Ny NyNy No) = (5) m*, 


where m=, + C, is steadily increasing with n, as we 
pass along the diagonal of the matrix, so that if 
M,? (ny Ng%N) — M,,? (My N22) 


BNQM 
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is to be positive always, the number of possible values of 
n, and therefore of m is finite. 
Again using 


th 
[Ma My] bs M,, or M,,M,, ts MMe za Iq Veo 
we have 
th 
on M,, (Ny NzN4 Nz) = yap pap piles (N41 No k, ky) Me (ky hens) 


— My, (My Ny ky hy) Mey (hy hay No)} 
= Ln, {M a (My Nz ky.) M. Yo (ky NNN) 
— My, (nm N2hkyN2) Ma, (ky Ng N)}- 

If, still for a given n,, the right-hand side of this equation 
is summed for all possible values of n, the result is zero 
on account of the finiteness of n, and with it that of k,. 
Therefore the left-hand side when summed for all possible 
values of n, is zero. 

bay ey M,, (Ny NzNy Ng) = O 
or 3S (m+ 0) =0 or # Em = 0. 

Thus as the numbers m can only be a series differing 
by unity and are on account of this last condition sym- 
metrical about zero, they must either be the series 
Ragen een Bal ae Bey ees 

3 Lek-3 
SCD: cae >? = oy >? >? een 

They are finite in number, the number depending upon 
M,, the representative of the quantum numbers of the un- 
disturbed atom. Thus the nature of m is disclosed, and 
the Landé m numbers for the Zeeman terms accounted for. 

The limitation of the m’s by the Landé j, involved in 
the n, of this theory (cf. § 13) is also suggested, but it still 
remains for this theory to show that the limiting value 
of | m | is actually j, as the Landé theory supposes. This 
is proved later in § 78. 


or the series 
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76. Quantisation of the resultant angular momentum M). 
In the classical theory we transform to axes X, Y, Z 
where the Z axis is along the resultant angular momentum 
MM (the suffix 0 will be dropped all through but understood) 
and we take the X axis in the zy plane. Then if J, m, n 
are the cosines of the Z axis with respect to the axes 2, y, z, 


MN, 
l= TT’ etc. 


) x 


OX has cosines cos 9, sin 0, 0 and is perpendicular to OZ; 
.. Leos?@+ msind=0. 
cos@ sin@ 1 
—m 1 VR me 
But OY has cosines 
— nsin 6, n cos 6, sin @— mcos 6; 


hence the scheme: 


x y Zz 
gs ie 
V 12 + m2 Vi2+ m2 
— nb — nm Ji mE 
( See are ae eh a see it [2 ak m2 
VP+m VE+m 
Z l m n 
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ly—mx M,y—M,x 


os AS epee 
ye mg m2 
VE me 
— M,M,«—M,M,y+ (M?+M,’)2 


= So Se EE) > 


MVM 2+ M,? 
M,«2+ M,y+ U,z 
i; , 


Z=lx+ my + nz= 


These classical forms suggest the following quantum 
theory transformation: 


X = yM,— M,x 
Y = M,2zM,+ M,zM, —«c«M,M,— Maa} ‘ 
Z=2M,+ yM,+ 2M, 

Then [12X] 
= [M?, yM, — M,x] 
= [M1,«— yM,, M*| 
= [M,M?\« + M,[xM*]— [yM*] M, — y[M,M*) 
= — M,[M?x)+ (My) M, 

(since M? commutes with M, and M,), 
= — 2M, (M,y —2M,) + 2 (M,z— 2M,) M, ($71 (vi)) 
= 2(M,zM,+ M,zM,—-2«M,M,— M,M,y). 
ase X= 2Y; 

Again [M?Y] 
= — [M,zM,+ M,2M, — «M,N, — M,M,y, M*] 
= — (1,2 — «M,){M,, M?]— [M, (2M, — My), M?] 
= — [M,2—-—2M,, M?|M,— M,[zM,— My, M*) 
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(since M,, M, commute with 7%), 
=) Le [Mey] M,— 5M, (We Wee], ——-§ 71 i) 
= — (M*y+ yM) M,+ M, (MPet+ xM?), § 71 (vii) 
= M*(M,x— yM,) + (M,«— yM,) M’ 
(since again M,, M, commute with 1M’), 
2, (Mey) =— Ux — XM 
Also [M?Z] 
= —[a#M,+ yM,+ 2M,, M?| 
= [M?x] M, + (M?y) UM, + (Pz) M, 


= 2 (yM, — 2M, — i a) Bree Se east hat), 
= 2 {x (M,M, — M,M, — 22 M,) +. + --4 
= 0, since [M, M,]= Mz, ete. 
.. (1?Z)= 0. 
Written in the Heisenberg form’ these results are: 
mx—xme-“¥ | 
ih he 
M?Y — YM? =— 5 (ALPX - at) 
M?Z — ZM?=0 
If (nm) refers to the quantum number n, only, (cf. § 75), 
then since M? is a diagonal matrix for ng, 
X (nm) (MM? (nn) — M? (mm); = - Y (nm) 
Y (nm) {M2 (nn) — M? (mm)} = 


_ ue X (nm) {M2 (nn) + M?(mm)} 


al ys 


Z (nm) {M? (nn) — M? (mm)} = 9 y 
1 Q.M. u, p. 601, equations (20). 
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If M? (nn) does not change (An, = 0), then 


x 

Nee Os > AS (2). 
if M? (nn) does change (An, ¢# 0), then 

Z (nm) = 0 


In the latter case we eliminate the ratio X (nm) : Y (nm) 
and obtain 


{M? (nn) — M2 (mm)}? — a {M? (nn) + M2 (mm)} = 0. 


Write M? (nn) = (=) (a,? — i) : 


so that (Gy? — Am)? — 2 (a,2 aa, jae 5) ey 


. [(an = Am)? we 1] L(n Gs Gm)” a 1] = 0. 
Gg = + (4, £1). 

We can without loss of generality take the + sign only 
outside the last bracket, because only a,? appears in 
M? (nn). 

Therefore a, — Gm = + 1, when M? (nn) changes. 

Thus the a’s either do not change, or change by + 1. 


If we write a, =j + . then 


We are 
(nn) = (=) JG + 1) 
dae 
and the quantum number j can change to ¢ j 
j-—1 
This j is the quantum number for the angular mo- 
mentum IM and is the Landé j of Zeeman theory. 
In the case j > 97 — 1, Z(j,7 — 1) = 0, 


but X (nm) [M? (nn) — M? (mm)] = Ze Y (nm) 
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becomes 
xgj—v{(A)sG+0-(G) G- vif =F1GI-0 
or X(jg- DB j=-YGI-V yeas (3). 


For j>j+1,2(j,j + 1) = 0 but 


xgi+n(Byiu+n-(%)U+ 06+} 


tite. as 
eo ipa ks 
OF XAG, dor 1) 5-0 +1)=Y(jj+1) «.-. (4). 


77. Nature of the quantum number j. 
Since M=MV7+M,+ U,, 
M+ M,?= M*— M,. 
2. (Mi, + tM) (Mz — +My) 
—-V2+ M,?4+iM,M,—-iM,M, 


(ih 

= M2+ Mp+i(s) WLM 

_M?—Me—-~ t MR, § 71 (iv) 
2a 


_ Me Me+ * M, poet See sede (1). 


But from § 73, 
(M, + 1M,) (m,m-+ 1)= 9 
(M, —iM,) (m,m— 1)= of 
where m is used instead of n, and now j takes the place 
of 7. 
Writing u = M, + 1M, v= M, — iM,, equation (1) is 


uy = M?-—- M+ La es 
Qar 
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We have seen in the course of § 75 that M,? + M,? is a 
diagonal matrix for n, and n, (here for m, j) and so is M,, 
so that wv is a diagonal matrix for m, j. 


", uv (j,m,j,m) = (=) J (G+ 1)— (s) + e & 
= (5) GG+)—m (m= 1). 


But wv (j, m, 7, m) for a given J 
= uw (mM, m) Say, 
= ¥,u (mk) v (km) 
=u(m,m— 1)v(m—1,m), 


since u (mk) = 0 except when k = m — 1, 
and v (km) = 0 except when k = m — 1, by (2). 
But v(m — 1,m) = v* (m,m — 1), 
since the matrices are of Hermite type, 
=u(m,m— 1), 
since u is the conjugate of v. 
*, uv (mm) = {u (m,m — 1)}?. 


2. {w(j,m.jm—Wt= (LY GG +1) —mom— 1p, 
uw (j,m,j,m— 1)= 2 ViG+l)—m(m—1, 
and since v(m—1,m)=u(m,m— 1), 


v(j,m—1,j,m) = + ViG+ =m (m= 1). 
“. (I, + 1M,) (j,m,9,m — 1) 
h p= 

silo ear — 5 
and (M,—iM,) (j,m—1,j,m) 


h o-s 
=5-ViG+N)—mm—1) 


aaa): 
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Also (M, —iM,) (3, m,j, m— 1)=90, 

and (M, + iM,) (j,m—1,9,m)=0. 
Thus the maximum of m for a given j is fixed by the 


fact that the transitions Mmax > Mmax + 1 must not occur; 
the right-hand side of (3) thus shows that 


Mmax = #) ’ 
for if m = 7 + 1, the amplitudes vanish. 
Thus on account of the properties of m (§ 75), 7 can only 
be a whole or half integer. Thus the Landé scheme of 


numbers for the anomalous Zeeman effect is completely 
confirmed (cf. § 13). 


Quantisation of the angular momentum of the serves 
electron. 

This angular momentum is L (cf. § 4) with its quantum 
number J. In the case of the resultant angular momentum 
M with its quantum number j, the transition Aj = 0 
means that X, Y = 0 and that Z changes, where Z is 
along M (§ 76). But for the series electron, Z is normal to 
the plane of the orbit (Z being along L) so that Z cannot 
change and therefore Al cannot be zero. Thus whereas Aj 
can be 0 or + 1, Al can only be + 1 (cf. § 4). 


CHAPTER XV 


INTENSITY FORMULAE FOR THE 
ZEEMAN EFFECT 


78. Intensity formulae for the Zeeman effect. 
The transformation of § 76 was 
X= yM,— M,x 
Y =N,2M,4+ U,2zu,—- cM,M,—M,M,y}- 
Z=2M,+yMN,+ 2M, 
We solve for x, y, z in terms of X, Y, Z using the rela- 
tions [M,y]=z, or M,y — yM, = «, etc., where e = th/27; 
in order to obtain the coefficients behind the a, y, z. 


Thus X = yM, — («#M, — «2). 
* yM,—«M, = X — &@. 
But 2M,+ yM,=Z—2M,. 


* (x + iy) (M, —iM,) = Z—2M,+1(X — &) 
= Z—z(M,+ te) + 72X. 
* ati {Z—2(M,4 te) + 1X} (M,—1M,)* (1), 
and x— ity= {Z—2z(M,— te) —i1X}(M,+7M,)+ (2). 
Again 
Y = (2M, — ey) M, + (2M, 4+ ex) M,-— «MM, 
=, (yM, — €x) 
= x (2eM, — M,M,)— y (cM, + U,M,) 
“a? (Mt nee) 
and using [M, M,]= W,, etc., or U, M, — M,MU,=«M,, etc., 
Y=2(eM,— M,M,) —y (cM, + M,M,) 
+2(M,?+ M,? — ?). 
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Since X — eg = yM, — «M,, 
Y =— «M,,M, — yM,M, — « (X — e)+2(M,?4+ M,?-&). 
Y+ eX =—2M,M,— yM,M,+2(M,? + M,?). 
But Z=2M,+ yM,+ 2M,, 
Y+eX =—(Z—2M,) M,+2(M,?+ M,’). 
You eX + ZV = 2M. 
Therefore multiplying both sides behind by M~°, 
2=(Y4+eX4+ZM,) M..............- (3). 
(1), (2) and (3) determine x, y, z in terms OL ens 
It can be verified that 
XM,—M,X=0 
YM,— M,Y =0}> 
ZM,—M,Z=0 
so that 
X (nm) {M, (mm) — M, (nn)} = 0, or X (nm) = 0, n Fm. 
Thus X, and also Y, Z are diagonal matrices with 
respect to n, or with respect to the azimuthal quantum 
number m. 
79. Consider first transitions where j does not change, or 
jj. Then by (2) § 76 
eer) = 0, 
and by (3) § 78 z= ZM,M-; 
as each factor on the right-hand side is a diagonal matrix 
with respect to m, we have 
z(J, m,j,m) = Z (j,m,j,™) M, (j,m,j,™) M-* (j,m, j,™) 
mh (27\* 1 
Qa (7) jG+V° 
Hence, omitting the j from z and Z for brevity, 
Qar m 


= ZG; mM, 9; m) 
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Also from (1) § 78 
a+ ty = {(Z—2z(M, + tc)} (M, — 1M,)4...... (a). 
We first note that if v= M, — iM,, then vv = 1 so that 
x,0 (mk) v (km) = 1. 
But since v (km) = 0 except when k = m — 1, this becomes 
v1 (m,m — 1) v(m—1,m)=1. 
’, (M, — iM) > (m,m — 1) = v(m, m — 1) 
1 1 


v (m — 1, m) ue Vi Ge 
from (3) § 78. su 
From equation (a), the 7 not being written in, 
(x + ty) (m, m — 1) = Z (mm) (M, — +M,)+ (m, m — 1) 
— z(mm) {M, (mm) + ie} (M, — iM) (m, m — 1) 
Z (mm) pars Ras ih 
* ViG+l)—m(m—1) h j(j+ 1) (Fr sale 


. (e+ ty) (m,m—1) 
= % (mm) =" Vi (G+ 1) — m(m—1)/j (f+ 1) «..2). 
So (x — ty) (m— 1,m) 


2 ran sire 
= Z (mm) = Vj (F+ 1) =m (m—V/j (j +1) (3). 
With these too we have always 


(x — ty) (m,m—1)=0 
and (~ + ty) (m — 1, m) = ot 


Finally using [J/,y] = z or 
th 


(§ 72). 


> 


it follows that Z (mm) is independent of m. 
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Thus for the lines 
(x + ty) (j,m,j,m — 1) = AVj (J+ 1)— m (m— 1) 
I >F\ (aw — iy) (j,m— 1,j,m) = AVj (G+ 1) — m (m— 1) 
z2(j,m,j,m) = Am 


where A is independent of m. 


80. For transitions where j >j — 1, we have Z = 0 and 
X G3 We == FGI — 1) (§ 76). 
Also z2=(Y + eX) M-*. 
*, 2(9,m,j —1,m) 
= Y (j,m,j —1,m) M*(j— 1,j— 1) 
+ eX (j,m,j — 1,m) M7 (j — 1,9 —1) 


=(—ejt+e)X(j,m,j—1 2M). =) = 


1 . A 
Biej aad 1,m). 
Again «+ iy={iX —2(M, + t)} (M,— UMS. 
: (a + ty) (9,105) = 1 Mice 1) = (1X (7, mp1, = 1) 


ae (j; mM, — 1,m) (M, (mm) + ve)} 
x (M, — 1M,) (j — 1, m,j — 1,m— 1) 


P : Pe lief fe 2ar 
=X (j:m,j—Lmti~ 5 (Fe alee ;—1)j—m(m—1) 
jtm— “| Qa 
= —l1 
= X (j,m,) ,m)4 j Ge en 
*. (% + vy) Gis — 1,m — 1) 
Meee /) + mea : ao 
oe ete) j—m X(j,M,) ,m) 
and so on. The mode of calculation has been sufficiently 


1 Q.M. o, p. 604. 
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developed, and the results are 
(x-+ iy)(j,m,j —1,m—1)=—BV(j+m) (j+m—1) 
jrj—1}{(w—iy)(j,m—1,j—1,m)= BV(j—m)(j—m+1) 
z(j,m,j—1,m)= BVj2—m? 
So for ((a+ty)(j,m, j +1,m—1)=—OV(j—m+2)(j-m-+ 1) 
jrj+l4(w—ty)(j,m-1,j+1m)= OVG+m+l)(G+m) 
a(j,m,j+1,m)= OV(j+1)?—m 


These formulae agree for large quantum numbers with 
those found by correspondence principle methods'; but 
for any quantum numbers the corrected formulae of this 
paragraph are needed, and agree closely with the experi- 
mental intensities observed by Ornstein, Burger and 
Dorgelo?. | 

The actual splitting of a multiplet was not found, 
but has been given in a later paper by Heisenberg and 
Jordan® in which the anomalous Zeeman separation was 
calculated (chapter xXxXIVv). 

18. Goupsmrr and R. pz L. Kronte, Naturwissensch. 13, p. 90, 
1925. H. Hont, Zs. f. Phys. 32, p. 340, 1925. 

2 H. B. Dorcsxo, Zs. f. Phys. 13, p. 206, 1923; 22, p. 170, 1924. 
H. C. Burcer and H. B. Doreeno, Zs. f. Phys. 23, p. 258, 1924. 


L. S. OgnsTEIN and H. C. Bureur, Zs. f. Phys. 28, p. 135; 29, p. 241, 


1924. 
3 W. Hetsensere and P. Jorpan, Zs. f. Phys. 37, p. 263, 1926. 


CHAPTER XVI 


THE CALCULATIONS OF DIRAC AND PAULI 
FOR HYDROGEN; OPERATOR THEORIES; 
SCHRODINGER’S THEORY 


81. The hydrogen spectrum. 

The foundation of the whole of the quantum theory of 
spectra is Bohr’s theory of the Balmer series; a crucial 
test of the new mechanics is its ability to yield the Bohr 
terms Rhc/n?, where n = 1, 2, 3, .... This was first carried 
out independently by Pauli! and Dirac?, and no little 
manipulative skill was required to obtain this funda- 
mental result. Pauli required to the full the resources of 
matrix analysis as developed up to this chapter, and his 
methods have been sufficiently illustrated for the purpose 
of this book. Dirac used the action and angle variables 
of his g-number theory. 

The first problem for both was to calculate the Hamil- 
tonian. They assumed that the Hamiltonian has in 
quantum mechanics the same form as in the classical 
theory if there occur in it only products of commutable 
quantities. This is the case generally in Cartesian co- 
ordinates since for them the Hamiltonian is of the form 
H, (p) + H, (q); for instance, for the Keplerian orbit it is 

LS ya A aka ea 

In polar coordinates 1, 6, the classical Hamiltonian for 

the Keplerian orbit is 
ae 2 he i *) = é 
2m (p rt pa Pe We 


AvLI, Zs. f. Phys. 36, p. 336, Jan. 1926. 


1 W. P. 
2 Pp. A. M. Dirac, Proc. Roy. Soc. A. 110, p. 561, Jan. 1926. 
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and is no longer separable into the parts H, (p), H, (q); 
further there is the difficulty, as Pauli observed, that 0 
probably cannot be represented by a matrix; it increases 
without end as the orbital motion proceeds, whereas 
x, y, r librate between finite limits. 

We will now follow Dirac’s theory. Starting from the 
Cartesian form of the Hamiltonian, he transformed it to 
polar coordinates using g-numbers, and found a polar form 
quite different from the corresponding form of the classical 
theory. The details will be given to illustrate Dirac’s 
methods. 


82. Some quantum algebra. 


(i) In the equation for g-numbers gp — pq = - , this 
iis alwa Neale *p* oe bk 
ys + V—1. Therefore g*p* — p*q* = on? where 
p* is the conjugate of p. Therefore p*q* — q*p* = — cs : 
TT 


Therefore from one equation we can always find another 
by writing — 7 for ¢ and reversing the order of the products. 


eras | Lik : A : 
(ii) ay a as is seen by multiplying by zy in front 
or behind. 


(ii) The differentiation of . 


We have al; x) = ay Snel 


dt \x" dt 
fab fA 
0=5(-).2+=6 
je 
“he 5) Bhs 


and multiplying by - behind, 


@(!) 14! 
die 
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(iv) The binomial expansion for (1+ 2)", if n is a 
c-number, is the same as in ordinary algebra. 
But e*t¥ is only equal to e*e” if x commutes with y. 


(vy) [f@), P= a oe = es , using the definition of a 
Poisson bracket. eae ° 

(vi) If (ag) = a9, +...+45,9¢;, Where the a’s are c- 
numbers, then by (v), 


[et0), p,] = ia, e800); 
d si i(aa) tea) 2” Tostoa) 
and since =e"), — pret ea => peseer |. 


rs *) ei (a0), 


Qa 


ef (24) p, Soa (», ‘ee 
From this it follows that 
CRN 

et (aa) f (Qrs Dr) = iE (a, Pr — =) et (aq) 


for if this is true for f,, f, it is true for f, + f, and for f,f.; 
and being true for f = p, and also for f = q, (since the q’s 
commute with each other) it is true when f is any power 
series in the p’s and q’s. 


h 
i(aq) — gi (ea) Wid 
Sof (Gr, Pr) ee =e ® f (GrsBr + 7). 


83. Dirac’s calculations for hydrogen. 
The Hamiltonian H 


= 1 2 2) oe 5 
= om, (Pe + py") Carn. 
where e, m, are c-numbers and the rest g-numbers. 
Transform to polars by «=r cos 0, y=rsin 0, where 
cos 6, sin @ are defined in terms of e* by the same relations 
as in the classical theory. If p,, ps are the momenta con- 
jugate to 7, 0, then on the classical theory 
aaa 
po = ©Py — YPu 


BNOQM 9 
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Dirac therefore for g-numbers tried 
Pr = (P2608 0 + Cos Op.) + } (Py Sin 8 + sin O py) a) 
Po = €Py — YPx aaa 
The justification for (1) is that (r, p,) and (8, pe) should 
satisfy the conditions for canonical variables, viz.: 
[rp,] =1, [Ope] =l, 
[ré]=0, [4p,]=9,  (§ 49 (ili) 
[rpe]=9, [p, Po] = 9. 
By § 54, x, y, r, 8 permute with each other, 


Also [rpe] = [Vi + ¥ pel = 2 Va? + by § 82 (wv) 


So [rp,]= sin 0. 
[rpe] = [7, epy — YPe] = [YP2 — €Py> 7] 
= y[p,r|— x[p,r], since z, y commute with r, 
= — ycos@+ xsin 6 
=—rsin@cos@+ rceos@sin 0 
= 0, since sin 6 commutes with cos @. 


are | — 0: 
So 


[rp,]= 4 [r, pcos 6 + cos Op, + p, sin 6 + sin Op,] 
= — 4[p,r|cos 6 — 4cos O[p,7r] — 4[p,r]sin 0 
— $sin 6[p,7] 


= 4cos? 0+ 4cos?0+ $sin?6 + isin? 9, 


| se [rp-l= 1. 
Again 


r [e*, po] = [re®, po], since [rpe] = 0, 
= [x + ty, xp, — yo] 


= [x, xpy]—[x, yp,| + tly, xpy]— ily, ype] 
= y [per] — wu [p,y] 
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(since x commutes with x, y, p,, and y with x, y, p,), 
=—yt+w 
= tre’, 
ae. fe, pe] = 46%. 
This agrees with (v) § 82, if is canonical to pao, or [0p0]= 1. 


So the other conditions [@p,] = 0 and [pep,] = 0 may 
be verified, 


We now solve for p,, p, in terms of p,, po. 
Let u = p, + wp, and v = py, — py. 
Then Ap, = we? + e-*# u + ve + e? 
(1) 


24 : 
= tes e-Py — e%y 


eoeeesees 


Now ent uj= [a a. wy, Poke UPy | a [xpp | 1 LyPy] = 2, 
since [yp,], etc. are zero. 
. r[e-?,u] + [ru] e-? = 2. 
But [rw] me Lr, Pa + py | = [7px +4 [rp] 
= cos §+ isin 0 = e*, 
ren a lenis =) 1, 


. 1 
feo: u| = % . 
f 1 
So [ee 0h = <6 
) 
Scere Qar 


ey — ve® = -— 
2ar 


Using (2) in equations (1) in order to get the coefficients 
of u, v on their left, we have 


— p—t6 10 rss th 
20 gee Che — 5 
20 


pai Fe ey — ey, 
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* eu = p+ Pot gs 
Multiplying both sides by e* on the left, we have 


aiearet (2, wh ‘s hy), where k, = po + ee 
r 4a (3) 

i h 

Ro vas eat (p,— = ks), where It, = po— 7 


; eh ete 
Again we 5 ek al from (2) 


Se th dh 
OR PON ee ree 
”) h 

=p. + (po-z) 


a 
= Pr v r ke : 
Therefore multiplying through by e* behind, 
“= (», ~ ky) e®, and so v= (2, — * ky) en”; 
Thus we have 


Pa + Uy = u= e# (>, a 7.) ad (», + 5k) er 


Po — Py = v= ee (2, oa. rT a) = (, - = k,) ex, 


h h 
where hy = pot Fs and ky = po — =. 
[Relation (vi) § 82 shows from these that 
ity ef eC Nag 6 =e heel 
Now 
UU (De a Py) (Dx A Py) oa Pu na Py +4 (Py Pz — Px Pu) 
= p,* + p,”, since p, commutes with p,. 
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ie De “fn Da fia (», et - hy) e% et? (2, —= « ks) 


a a 
ze (», + a ky) (2, er ~ ky) 


i ee ee nd Z| 1 
= pet 2% + ile (52, — Bre). 

Now 
Vela gangs eee Le. sh 1 
SB e De Dl = PP) og [Det lie = oak? 

since [7rp,]= 1. 

z } IE oe th k h 
te pt + py — p+ + iby (— x5) = 2+ B(le + 52) 


Qar? 
_ yaa hh 
or H= 5 1p + =3(mt— ate Lees (4). 


If we had originally assumed that the Hamiltonian was 
the same function of the polar variables as on the classical 
theory, we should have had instead of (4) that 


1 e 
7 2m {pe ie “Pet = A ealelaeisistele weve (5). 


Dirac then forms the equations of motion 
¢ = [rH], 6 = [6H], etc. 


with each Hamiltonian and finds that the latter leads to 
a non-degenerate orbit with a precessing apse line, while 
the former leads to the degenerate elliptic orbit. The 
latter would lead to a two-fold infinity of energy levels 
which is contrary to experiment, if the relativity fine 
structure of the hydrogen spectrum is neglected, as here 
it is. Hence (4) is the correct Hamiltonian, which agrees 
with Pauli’s form. 
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In the end, after an intricate calculation, the Bohr 
formula Rhe/n? for the Balmer terms was evolved, with 
its integral quantum numbers 1, 2, 3,.... 

Soon after, the problem was solved by the new analysis 
of Schrédinger which went much further and led to a 
direct calculation of the intensities of the lines (chapter XVII 
and after). 


84. Difficulties of the matrix calculus. 

Tn the classical mechanics the Hamiltonian H is trans- 
formed to angle and action variables w, J so that H 
becomes a function of the J’s only; it is thus independent 
of the time which enters only through the w’s, and so is 
a constant. The transformation is effected by the use of 
a function S which satisfies the Hamilton-Jacobi equation. 
If this equation can be solved, then the coordinates q can 
be expressed as functions of the time and H found in 
terms of the J’s. By writing J,=n,h, where n, is a 
quantum number, the energies of the stationary states of 
the older quantum theory were found!. 

The analogue in the new mechanics is to make H a 
diagonal matrix so that it is independent of ¢. A (p,q) 
is to be transformed to H (P,Q) so that it becomes a 
diagonal matrix H, whose diagonal terms are the energies 
of the stationary states. The transformation matrix S, 
where SS* = 1, gives 


P= et 
Q = SqS> 
and E= H (P,Q) =SH (p,q) 8S. 


So far, the difficulties of infinite matrices with their 
associated infinite number of linear equations with an 
infinite number of variables (cf. § 68) have proved them- 
selves so great that only cases where the Hamiltonian H 


1 Q.T.A. chap. vm. 
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is a perturbation of a known matrix H), has the transforma- 
tion of H into E by SHS-1 = E been effected. 

[The solution for hydrogen by Pauli and Dirac was, 
it is true, directly effected from H but not by any such 
general process; very artful special methods adapted to 
that particular problem were used. ] 

Attempts began to be made to bring the theory into 
connection with some of the more highly developed 
processes of analysis. 

One of the first was due to Lanczos! who sought to 
express the equations of motion and the quantum con- 
ditions in the form of integral equations; the theory had 
the advantage too of being in unison with the usual ‘field’ 
ideas of physics. 

About the same time too, Born and Wiener? also gave 
a theory in which the properties of a linear operator were 
used and especially applied to cases of non-periodic pheno- 
mena. 


85. Schrodinger’s wave mechanics. 


Shortly after, there began to appear a remarkable series 
of memoirs (January to June 1926) by Erwin Schrédinger* 
in which the solution of a problem in quantum mechanics 
was made to depend upon the solution of a differential 
equation, the wave equation, in which the energy # of 
the system appeared. This differential equation only 
admits of solutions (%,) (which are finite, unique and 
bounded in the phase space) for certain special values Ff, 
of the energy. These values of #,, are the energies of the 


1 K. Lanczos, Zs. f. Phys. 35, p. 812, Dec. 1925. 

2 M. Born and N. Wiener, Zs. f. Phys. 36, p. 174, Jan. 1926. 

3 ff. Scuroprncer, Ann. der Phys. 79, p. 361, Jan. 1926; 79, p. 489, 
Feb. 1926; 79, p. 734, March 1926; 80, p. 437, May 1926; 81, p. 109, 
June 1926. These five papers have been published as the volume 
‘Abhandlungen zur Wellenmechanik, by HE, SCHRODINGER, Barth, 


Leipzig. 
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stationary states; the functions %, lead directly to a deter- 
mination of the Heisenberg matrices for the coordinates 
by a process of integration (§ 102). 

The theory was inspired by the new ideas of Louis de 
Broglie+ in which a material particle is associated with a 
group of waves (chapter xxmIt). 

1 L. DE Broauis, Ann. de Phys. 10, p. 22,1925. (Théses, Paris 1924.) 


The theory is fully set out in ‘Ondes et mouvements,’ by L. pz BRoariiz, 
Gauthier-Villars, Paris 1926. 


CHAPTER XVII 


SCHRODINGER’S WAVE EQUATION; HIS 
THEORY OF THE HYDROGEN SPECTRUM 


86. Schrédinger’s wave equation. 

The new theory was given in Schrédinger’s first paper? 
in much the same casual way as was that of Planck’s 
radiation formula in his earliest papers. Both were arrived 
at by a process for which no particular justification was 
given; but the wave equation in the one case and the 
radiation formula in the other were so striking in their 
immediate consequences that a real theoretical basis had 
to be sought for them. 

In this first paper the wave equation was found by a 
variation principle (it was rather like Hamilton’s variation 
principle, but not much more could be said for it); butin 
the second paper? Schrodinger shows it to be areal generali- 
sation of the classical mechanics suggested by the waves 
of Louis de Broglie (§ 114). 

In the former paper Schrédinger remarks that in his 
theory the ‘quantum numbers’ appear as naturally as do 
‘integers’ in the theory of a vibrating string, where they 
are determined by certain boundary conditions to be 
satisfied by the solution of a differential equation; in 
quantum mechanics the corresponding differential equa- 
tion is Schrédinger’s wave equation. 

In the older quantum theory? the Hamilton-J acobi equa- 


tion H (a =) — Big used, where H (q, p) is the Hamilton- 


tie: pen Gls! : : 
ian in which dq is written for p and £ is the energy. 
1 B®. Scurépineer, Ann. der Phys. 79, p. 361, 1926. 


2 #, ScurépineeEr, Ann. der Phys. 79, p. 489, 1926. 
3 Q.T.A. chap. VI. 
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A solution of it is sought in the form of a swm of func- 
tions, each of one only of the different q’s, i.e. 
S = fi (hi) + fe (2) + --» + Ss (Gs): 

Writing S = K log 4, where K is a constant, so that % 
would be a product of functions of the single coordinates, i.e. 
b = ty (1) bo (2) «+ Bs (4s), 

we obtain the equation 
K op 
H(q, 7 5) =. 
tf oq 
For an electron, using Cartesian coordinates, 


1 
eas Sek 2 2 2 
Bete 7 Pe Peale 


so that the Hamilton-Jacobi equation is 


ain (te) + GG) + (Be) f+ PB 


Putting S = K log %, we have 
COub\? foun? fep\? 2m, 
@) 5 Ys Gene 


No attempt is made to solve this equation. The ex- 
pression on the left-hand side (= ’) was subjected to a 


variation principle; no particular reason was given for 
doing so. Schrédinger put 


5 ||[war=o, 


the integral being taken over the whole of the q space 
(here the ordinary x, y, z space) or 


5 || (Ge) + ae) - (f) - FR - 7) | sO 


In the usual way, we find 


fas —fforss[24 oo 2m 2 ng) 
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Hence 
2 
V2eb + ae (EZ — V)%= 0, (the wave equation)...(1), 
oy 
d al a= 
and also [Jassvet 0 


over the infinite boundary. 


87. Schrédinger’s theory of the hydrogen spectrum. 
The wave equation is 
2M 


+ Vib + Set (EV) b= 0, 
and for the hydrogen atom V = — . , so that 


v2 + 2 (B+ 2) y= 0 pi ter (1). 


y is a product of functions of the separate coordinates 
(§ 86) and is in just the form needed for the application 
of harmonic analysis. 

Using polar coordinates r, 0, 6 we write 

ip = 8, (6, “) Xx (r), 
where S,, is a surface spherical harmonic, so that from (1) 
we have » 
dy Ad 2m, HL  2me? ni(n+1 
retin cs | RB Kr -* is y= 0...2) 
where n = 0, 1, 2, 3,.... 

The limitation of n to integers is necessary in order that 
the dependence of # upon 6, ¢ may be unique, for solutions 
are sought which are continuous, single valued and 
bounded in the coordinate space (q space). The result 
found was that such solutions of (2) can be found for all 
positive values of H, but only for a discrete set of negative 
values of H. These values of H are the ‘eigenwerte’ of the 
differential equation and the corresponding y’s are the 
‘eigenfunctions.’ 
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Thus there is a discrete and a continuous set of eigen- 
functions corresponding to certain negative values of # 
and to all positive values of H. The former gives the 
Balmer terms of the line spectrum and the latter the con- 
tinuous spectrum of hydrogen. It is found that for agree- 
ment with Bohr’s formula, K must be equal to h/2z. 


88. The solution of the x equation. 
The equation is 


dx “dy 2mH 2me? n(n+1) 
+4 re ah Kip r2 \x=0, (§ 87). 


This equation has two singularities: r= 0, r= oo. The 
equation has in general no integral which remains finite 
at both these points, but such an integral exists only for 
certain values of the coefficients in the differential equation. 

Consider first the point r= 0. The indicial equation, 
which determines the behaviour of the integral at this 
point, is 


p(p— 1) + 2p—n (n+ 1)=0, 
with roots p=n or — (n+ 1). 


The usual solutions in series are one beginning with 7” 
and another which, owing to the whole number difference 
between m and — (n + 1), contains a logarithm; the latter 
is therefore of no use in a physical problem. Since the 
next singular point is at infinity, the former is uniformly 
convergent and denotes an integral transcendentalfunction. 

Write y = 7"U, so that U is a power series beginning 
with 7°. The equation becomes 

aU 2n+1)dU 2 2 
oo ata (z+¢) a0 


This equation is of the type 


d? d 
(Ay + Boa) 5+ (ay + O12) + (ag + b,x) y = 0, 
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‘the Laplace equation,’ with a known theory’, where 


Ao aa 0, bo — 1 
2m, e2 2m» weve reccscece . 


Cig 8 aK 
89. Theory of the Laplace equation. 
The equation is 
(ay + box) y" + (a, + By%) y’ + (a, + b,x) y = 0. 


Following the usual method for the solution of a linear 
equation by a contour integral, we write 


y= | ES Med Mer eS (1), 
Cc 


where C is a contour, and Z a function of the complex 
variable z. 
Then 


e@ dz Z {(dy + byx) 22 + (ay + b,x) 2 + (4, + b.x)} = 0, 
Je 


or | CLD IP Or) 0 eee (2), 
where P = dy27 + Az + Ae, 

Q — bgz? + Dee + be. 

) d 
Now Ze* (P + Qx) = cp (Ze**Q), 
P 
provided es (ZQ) = ZP = Q (ZQ) 
&P 

or log (ZQ) = | Q dz, 
where z, is some given 2, 
or LZ = oo ([ 5%) LEER OD (3). 


1 ‘Cours d’Analyse,’ by E. GouRsaT, vol. 2, pp. 440-42, Paris, 1905. 
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With this value of Z, we have from (2) 
d 20 a 
| ae (2 Q) dz =0 


or \e* exp ("3 az) = 0, using (3), 
to @ LC 
zP 
or lexp (<x as | = az) ax Oca gk tee des : (4). 
Zo Q Cc 
A path C chosen to oa this condition (4), will give 
Ys \ oo i pels ( Gt) te Lene ee (5) 


as the solution of the Conte equation. 


90. Application of the theory. 
We are concerned with the special case 


P= @2+ a, 
P0100) 5662), 
P Gera; Qe 
so that Oe ere 
where ¢=+V—6,, 
Then o, SE aes 
os Cy — Cy 


Se es 
3 exp || Q az| = A (2 — ¢,)% (z — &)*, 
/ Zo 
and the constant A may be put equal to 1 as the general 
solution may always be multiplied by an arbitrary constant. 
Therefore from (5), 
= i ee (2 — &)s* (2 — ©) 
is the solution, where by (4), C is chosen so that 
{e* (2 — €4)% (2 — Cy)*}q = 0. 
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Thus the solution of the y equation is y = r"U, where 


Ue | e*" (2 — €,)"174 (z — ©,)*2-1 dz.,...005- (6), 
Cc 
subject to C being such that 
167 (2 — 4)" (2 — Cy)" =.0 Basses es. (7), 
where 
a eee zoe , ary Bese aes 1! are 
Me m,e* Ye — Me 
oS ATEN oR ey? a td or 
re writin =-+ Ce mle 
8 2KE ’ 


m=n+1+/1, &=n+1—l. 


91. We have now to consider the behaviour of the solution 
at the singularity r = ©. 

This is determined by that of the two special inde- 
pendent solutions U,, U, for which C’ passes once round 
c, or C, and begins and ends at infinity at a place such 
that e’*—> 0, i.e. such that the real part of z is — o. 
This is needed to satisfy condition (7). 

These solutions, for large values of 7, are represented 
asymptotically (in the Poincaré sense) by 


Uy ~ ent res (— 1) (274 — 1) P (4) (1 - ae} (8) 
OU, ~ eat 7-92 (— 1)%2 (#2 — 1) T (at) (Cg — G4) Re 
where we retain the first term of the asymptotic series 

in negative powers of r. 

Two cases arise, according as H 2 0. 

leo JE 

Here J, c,, C, are pure imaginaries, so that in (8) e%”, e%" 
are finite and U, and U, > 0 like r-"-1. The same is true of 
the U we want, asit is linear in U, and U,. Hencey=r"U —0 
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like r-1. Thus the y equation has for all positive values 
of # continuous, single valued and bounded solutions. 


Tih 0. 

Two cases of this arise, according as / is or is not an 
integer. 

(i) J not an integer. 

Then c, is real and +, c, is real and —,so that from (8) 
U,> 0, U,+0 as r>oo. Thus U can only remain 
finite at co if it is equal to AU,, where A is a numerical 
factor. But this cannot be so for the following reason. 
Suppose the path C chosen to be a closed path enclosing 
c,and c,; on account of a, + a, being an integer, condition 
(7) is satisfied. It is obvious that this contour will give a 
solution which is finite as r+ 0; this is therefore just the 
U we want. But the closed path can be so deformed as 
to consist of the two paths giving U, and U,, which leads 
to the solution U, + eU,. Thus U cannot be of the 
form AU,, but must also contain U,. 

Therefore U cannot remain finite at oo. Thus there is 
no solution with the required property of being continuous, 
single valued and bounded over the whole q-space. 


(ii) J an integer. 


; — m,e* 
In this case Nee = 1, where /= 1, 2, 3,..., so that 
M,e* 


there is a discrete set of H values given by # = — SK3p° 


2 
where {= 1,2, 3,.... 

Further a@,— 1, @,— 1 which are the indices in the 
integrand of (6) are now integers, respectively equal to 
n+l,n—l. 

Two sub-cases now arise according as / 2 n. 

(a) L<n. 

Then ¢,, ¢, are no longer singularities of the integrand 
in (6), but they can now function as end points of the 
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path C, as condition (7) is then satisfied. A third such 
point is the negative real co. Every path between two of 
these three points gives a solution. The path from c, to c, > 
gives a solution regular at r= 0, but which > 00 asr > 00; 
the two other paths yield only solutions finite as r—> oo, 
but infinite at r = 0. Thus there is no solution. 

(8) > n, 

In this case c, is a zero, c, a pole of at least the first 
order of the integrand of (6). Two independent integrals 
are thus given, one by means of the path C passing from 
z= — o0 to the point ¢, (zero) with avoidance of c, (pole), 
and the other by the residue at the pole. The latter is 
the U we want. 

To find the residue at the pole z= c,, we write, as 
usual, z = c, + ¢ in the integrand of (6), that is in 


and pick out the coefficient of 1/2. 
The integrand becomes 


2 itn 
er (co+) U Bas ) > 
since C,=—¢,, so that we require the coefficient of 
fi-n-1 in tte 
eres aeyi (14 6.) 
, vPCP l+n (aXe 
or in CMs (Zea. eat Day ( ; ) Gel : 
: r? (L+n\ (1 \2 
or mn es (20, aay ( q ) ey CESE, 


Writing p+q=!—n-—1, we have as the required 
residue, l 
672 Diy Lig t? (— Ae og (' oa) =U, 


where y = 7"U. 
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. x=em% piss mT n+p etic tla ( bet ) 


p! l—-n—1-—-p 
ie — 2m, 7 
or writing rc; = % or ~=7r sae ges is: ave 
A ae poy ae [+n ) 
Xn, 1 = & x p Aer, p! l— nae tO 


omitting (— 2c,)"+1, a constant factor. 

This is the solution which for all real positive values 
of r remains finite; condition (7) is satisfied on account of 
the exponential vanishing at oo. 

The eigenfunction %, or here yf, ; (7, 9, d) 


Palle ) Xn, t (x), 


where 
nee m,e 
tava a Ey = — sR qe (U= 1, 2,3, ...), 
and MeV eliD, Sy arc, boe ds 
If we write K = ef , then 
27 
27r?2m,e* 
E,=-— “yap where / = 1, 2, 3, ..., 


and these are the well-known energy levels of Bohr which 
correspond to the hydrogen lines. J is the principal 
quantum number. Since n = 0, 1, ..., J — 1, it corresponds 
to an azimuthal quantum number. 

If the harmonic S, (0, ¢) is more definitely specified, say 
as a tesseral 7',,7, we then have a third quantum number o 
naturally introduced. 

The eigenwerte /, for which alone the differential equa- 
tion has a solution, are the energy levels of the atom; any 
positive value of # is an eigenwert and these correspond 
to the continuous spectrum of hydrogen; only discrete 
negative values of H are eigenwerte and these give the 
line spectrum. 
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The eigenfunctions Xn,1,0 enable the Heisenberg matrices 
corresponding to any quantum variable to be calculated, 
as will be seen in chapter xx. 

Schrédinger regards the #,,;,, aS associated with some 
wave phenomenon going on in the atom and as repre- 
senting some ‘vibration form.’ Such things as single orbits 
or the place of an electron in its orbit have no place in 
his theory; spectral lines are energy emissions due to a 
change of ‘vibration form’ and the quantum numbers take 
their origin in the finiteness and uniqueness of a certain 
space-function. 


10-2 


CHAPTER XVIII 
WAVE MECHANICS 


92. Wave mechanics. 

In the classical dynamics the state of the system whose 
coordinates are q,... 7, and momenta p, ... p, is denoted 
by a point in 2s-dimensional space (the qg-space); changes 
in the system are indicated by the passage of the point 
along some curve in this space, a ‘ray,’ it may be called. 
Schrédinger’s new concept is that changes in the system 
should be represented in the g-space not by ‘rays’ but by 
‘waves.’ He regards the classical mechanics as only an 
approximation to actual mechanical events, which he says 
can only be described by wave mechanics; the former in 
his view bears to the latter just the same relation as 
geometrical (or ‘ray’) optics does to physical (or ‘wave’) 
optics. 

A large scale (macroscopic) mechanical process corre- 
sponds to a wave signal in the q-space, which can be 
regarded as a point in comparison with the geometrical 
structure of its path. But for small scale (microscopic) 
processes, such as atomic phenomena are, the rigorous 
wave theory must be used. The wave equation must re- 
place the usual dynamical equations. The latter are just 
as unfruitful for the purposes of atom mechanics as geo- 
metrical optics alone would be to clear up the fine points 
of diffraction phenomena. 

Hamilton well knew and used the analogy between 
mechanics and the geometrical optics of the g-space. The 


Hamilton variation principle 6 [ Ldt = 0 is Fermat’s prin- 


ciple for a wave motion in the q-space; the Hamilton- 
Jacobi equation expresses Huygens’ principle for this wave 


WAVE MECHANICS 149 


motion; the new wave mechanics expresses for it the exact 
Kirchhoff analysis of physical optics. 

Just as Huygens’ principle could deal with the problems 
of physical optics up to a certain point, so the Hamilton- 
Jacobi equation could deal with atomic problems up to 
a point on the older quantum theory (which used the 
classical mechanics and the correspondence principle). 

Just as the exact wave analysis of Kirchhoff was needed 
to clear up the finer points of physical optics, so the new 
wave mechanics is required for the exact solution of the 
problems of atom mechanics. 


93. The theory of the wave equation. 
In the classical theory the function S is defined as 


x | ,dq,, where the p’s and q’s are the momenta and co- 


ordinates, so that p, = i : 
k 


a 


t fab OFF pes 

Hence S==] p.gudt =| 3 gdt=| oP dt, 

. to - to q to 

where 7 is the kinetic energy expressed as a function 
of q, q. 

The action function W is defined as | Ldt, where 
L=T—V, V being the potential energy. Ii H is the 
constant total energy = T + V, then 


W—| (eT B)de=S— Bt eee (ayy. 
to 


the constant of integration being absorbed in S. 
If H (p,q) is the Hamiltonian, the Hamilton-Jacobi! 


equation is ae 
H i q) = 8. 


1 Q.T.A. chap. VI. 
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If 7'(p,q) is the kinetic energy expressed in terms of 
p,q, it is a quadratic form in the p’s and 
H (p,q) = T (p,q) + V (q)- 
The Hamilton-Jacobi equation is thus 


2 (e q) + V—BS0, 


or from (1), 


(57.4) +V-H=0 See (2). 


In all the applications which follow, T is a sum of 
squares of the q’s. Thus 
iy = 3 2 ay? Vs 
where each a is a function of the q’s. 


oT 
But Pr= Ode Oe Th 
. Pp, =7 9,9 = 3 Upe| ae... (3). 


For the geometry in the g-space we suppose the line 


element ds given by x 
ds? = 2T (q, q) dt? 


so that here ds? = Day? Gy? dt® | crreerecreseeeeees (4). 
or ds? = Xa,2dq,? 
: ow Met PCW \ ee 
Roi & a ; a) =F 2 ee , using (3) 
7 OW \? 
eth 
qe (aaa) 


= 2 (grad W)?, 
where grad W is the gradient of W, on account of (4). 
Thus equation (2) becomes 
(grad W)?=2(B—V) veces. eoyinn 


and the geometry is conducted in a non-euclidean space 
for which the line element (4) depends upon the form of 7. 
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Now let two surfaces W, W + dW of the family W =con- 
stant be drawn at time ¢. (Since W = S (q) — Ht, these: 
surfaces change with the time.) 


W+dw 
W 
2 an 
1 
t 
W+dW-Edt 
W-Edt 
2 
1 
t+dt 
The normal distance (dn) between them is given by 
dw 
aw = (qq) a 


= (grad W) dn 
= dnv2(E — V), by (5). 
- dn=dWiv2(E— V). 
Since W= 8S (q) — Ht, the geometrical form of the 


family of surfaces W = constant is independent of the 
time, but any individual surface having a value W at 
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time ¢t must have a value S — EH (t+ dt) at time t + df, 
i.e. the value W — Edt. 

If we now suppose the surface 1 to move normally to 
itself in time dt (like a wave front) so as to become the 
surface 2 and to carry its own W with it, the effect will 
be the same as above described provided 

W=W-+dwW — Edt. 

(The W of surface 1 in the first figure must be the same 

as the W of surface 2 in the second figure.) 


Therefore dW = Edt, 
or Aus dn = Edt, 
dn 
dn dw Pears 
or Fw Bag = BV? E— MV): by (8). 


Thus the W-surfaces can be supposed to be wave surfaces 
in the g-space having a normal velocity 


UI? (EH — V) 2. eee (6). 


Thus the Hamilton-Jacobi equation is the expression 
of Huygens’ principle in optics, the surface W + dW being 
constructed from the surface W by drawing spheres of 
radius dn = vdt and finding their envelope. The refractive 


index p is proportional to : and varies as VH — V; thus 


the g-space is heterogeneous but isotropic, as ~ depends 
on the coordinates q only. 


The Hamilton principle expresses Fermat’s principle for 
the q-space, for the ‘least action’ form of Hamilton’s 


principle is 6 | (1 — V) dt = 0 subject to 
T + V = E = constant, 
or ) | Tdi = 0, 


or 5 |as Nie 0, by (4). 
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But p varies as VH — V, which = JP. 
Therefore 5 | uds = 0, which is Fermat’s principle. 


All this shows that the classical mechanics is associated 
with a geometrical optics in the q-space; clearly a more 
exact system of mechanics would be one associated with 
true wave optics in this space, which would give the 
classical results in cases where the wave length was small 
compared with the path dimensions. 

Schrédinger assumes that a correct extension of the 
analogy would be to regard the wave system as sine waves. 

The W function would be sin (kW + a), where k, a are 
constants and W = S — Et from (1), so that the W func- 
tion is sin {k (S — Et) + a}. 


The frequency v is therefore oe Je age v= 2 after 


the manner of de Broglie (§ 114), then & = a , where h is 


Planck’s constant. 
Thus the W function is 


in {7 (S — Bi) + a, 
where H = hv. The wave velocity 
v = E/V2(E — DV), by (6) 
Now for any wave Ad = s , where A is the usual 


Laplace operator and ¢ is the wave function. 
2(H—V) 


Nye Jee en ere: (7). 
For a wave of frequency v, ao hv, and % has a time 
factor 2, so that ¢ = — ae v2 and. 
oe Saar 
=- uve 
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Finally Ay eon i (E— V) pfae 0 | eereeecesastes (8), 
which is the wave eta of Schrédinger. 


94. The operator A. 


For the coordinate system whose line element ds is 
given, as above, by 


ds? = a,?dq,? + a,2dq.? + ... + a,°dq,?, 
the operator A is well known (in potential theory for 


example) to be 

1 «0 (AHAq...4, 0 9 

E's ( | ee (9). 
1% ++» Us vi 


Thus for a point mass m, in Cartesian coordinates, 
2T = my (a? + ¥? + 22), 
and therefore " 
ds? = 27 dt? = my (42 + y? + 2”) dt? 
= My (dau? + dy? + dz?). 


Thus here a1, a2, a3 are each Vm, and the operator A is 


3 (0 30 0 40 0 ( ty 
(mo) {3 (me =) + 5, (mo a) + Bz" bz 
02 o2 2 
uk Mo bs a Oy? = a2) ; 
and the wave equation (8) becomes 
Oy Oy Or 8x? ca 
da t Bye T Oz G- Oaee 
the form used in § 86, with 2 written equal to h/2z7. 


95. The general form (H — E) % = 0, of the wave equation. 
The wave equation for a coordinate system for which 
2T = 2° a,?q,', 

and the a’s are functions of the q’s, is 


1 8 faa ean cd 
Tae a ml a2 st) + h2 (E- OX io 
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: th oO 
If we write — On Ba, 


1 : 2a Ay Ag... As 2a 
ot mae mee € 7) Peo a2 iG th px) 


87r2 
+ a5 (B—V)$=0, 


= p,, this reduces to 


2 
or frre, - B+ V}y=0, 
or {T (p,q) + V — EH} % = 0, 


using equation (3) of § 93, or 
where H is the Hamiltonian. 
Thus the general form of Schrédinger’s wave equation 
is 
/ tho Lae 
ee q)— El y=0 berks (10). 


Schrédinger shows that even when 2T is a general 
quadratic form (and not just a sum of squares), this result 
holds?; the proof requires the tensor calculus. 


1 BE. Souroprncer, Ann. der Phys. 79, equations (31) and (32), 
p. 748, 1926. 


CHAPTER XIX 


SCHRODINGER’S THEORY OF THE OSCIL- 
LATOR AND ROTATOR; WAVE PACKETS 


96. Schrédinger’s theory of the harmonic oscillator?. 


T = dm€?, V — 


ment. 


Write Vm = q, so that T = 492, V = 4 (2a%)?q? 


The line element ds is here equal to dq, so that A = 


The wave equation is 


or 


where 


Write gb* ae 


Then 


or 


where 


Ap + 5m ( (H— V)p= 


d? 
ate sa (E — 2n°12q?) = 0. 
Tat (a — bq?) b = 0, 
a 1674 v2 
ony. aan va 
dus a ‘ 
Ta tao 
dm 
de t — P= 0 
poten 2H 
i ee 


1 KE. Scorépineer, Ann. der Phys. 79, p. 514, 1926. 


4m (2rv,)?é2, where € is the displace- 


digi 
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The eigenwerte and eigenfunctions of this equation are 
well known!. The eigenwerte are 


c= 1, 3, B, os. (2n ay 1), eee) 
and the eigenfunctions are the Hermite orthogonal func- 
a? 


tions e ? H,, (x), where 


H,, (x) = (— 1)"e” (z) (e-#*) 


ee (n — 1) A 2) (n — 3) (2n)n-4 — 


From the eigenwert c, = (27+ 1), we have the corre- 


2 
sponding L,, given by ¢, = ae , from (1). 
0 


B= (§) In (v3) 
the result of Heisenberg (§ 57). 
The eigenfunction 
in (5) = Capella (x) ePatrnt, 
introducing the time factor, where 
hin, a i, pd hv (n =f 4)s OF Vv, — V6 (n + 4). 


But EB nt fe 


Pee aia (2né es earivo(nth)t | (2), 
97. Orthogonal functions. 
A set of functions 7%, (q), #2 (q), ---, where q stands for 
all the coordinates 4, 42, ---> form an orthogonal system if 
[bn (Q)tm(Q)4q=1, n=m, 
=0, n#™m, 


1 Courant and Hiipert, vol. 1, p. 261, 1924, 
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where dq means dq,dq,..., and the integral is taken over 
the q-space. 

A familiar case is that of a set of zonal harmonics 
P, (u), P2(u), --- which are such that when integrated over 
the whole range of for a sphere, that is from — 1 to + 1, 


[P.Pudu Ls ae pce 


= 0, n#=mM. 


aa 


If each P,, is multiplied by , the above formulae 


for the new P,,’s become 
[PrPndy a ete 
= 0). In; 
and the functions are then said to be ‘normalised,’ the 


factor , / a being the ‘normalising factor.’ 


a 


For the ee functions e ? H,, (x) the normalising 


factor is ———=-so that if 
ae man | he — 
1 — 3 


if Un (L) Uy (2) du = 1, 2, 
=0, n#™m. 


98. Wave packets. 

Schrédinger! has used the results of § 96 to illustrate 
the passage from micro to macro mechanics for the oscil- 
lator. He shows that in highly excited states (of large 
quantum number) a suitably chosen group of eigen- 
functions of the type (2), § 96, represents a ‘wave packet’ 


+ KE. Scurépincer, Naturwissensch. 14, p. 664, 1926. 
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which behaves like a point mass of the usual mechanics 
and oscillates with frequency » in a rectilinear path. 


The number and breadth of the waves which form the 
packet vary with the time, but the width of the packet 
remains constant, the shape being that of a Gauss error 
curve. Heisenberg! has recently written a critical analysis 
of the whole question of the passage from micro to macro 
mechanics; he observes that the Schrodinger result just 
referred to is accidentally true because the frequencies 
hv (n + 4) of the oscillator are separated at equal intervals, 
as in the classical theory. For a hydrogen atom where 
the spectral terms heap up to a limit, the wave packet 
must in Heisenberg’s view spread out in course of time 
over the whole space occupied by the orbit (§ 175), a 
result quite different from that suggested by Schrédinger’s 
result for the oscillator. 

99. The rigid rotator (molecule). 

The system is two masses m,, m, revolving about their 
centre of gravity O at constant distances 7, 1, from O. 
The line joining them has polar angles 0, 4 giving its 
direction in space. 

The kinetic energy 

Ti = don, (14262 + 72 sin? 02) + Jmg (r226* + 14° sin? 66?) 

= 4A (6? + sin? 642), 
where A is the moment of inertia of the system about a 
line through O perpendicular to the line mym,. 
1 W. HEISENBERG, Zs. f. Phys. 43, p. 172, § 3, 1927. 
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The line element ds of the g-space is given by 
ds? = 2T dt? 
= A (d0? + Nae 
1 Ow 1 Ox 
so that AY ate 138 (sin 655) + ap err, 0 =) 
using (9), § 94. 
Therefore the wave equation is 


1 Os 1 0% 
rand {50 0 95h) + sin 0 ad? t+ + (HV) p= 0. 
Here V = 0, so that 
1 Os 1 ate Sar — 
srap5p (5 855) + ans agit $5 % 
872A H ix S. (6 
he =n(n+ 1), we have bn = n (9, ¢), 
where 8, is a spherical surface harmonic. For %, to be 
unique and continuous over the whole sphere, n must be 
ORT 
Thus the energy levels are given by 


Writing 


2 
ae =n(n-+ 1), where n = 0, 1, 2,..., 
Heese. 1), wh 
or n= gag Unt ), where n= 0,1, 2,.... 
292 
The earlier quantum theory result! was H, = ae j 
872A 


though the demands of experiment had required half in- 
tegers to be used for n. This is in agreement with the 
new formula, for 


sem hg (003) Ih 


so that energy differences are the same as for 


h? 1\2 
BB 872A (n+ 5) e 


The eigenfunctions are the harmonics 8, (9, ¢). 


OAS § 117. 
See also F, Rutcur and H. RapEmacuer, Zs, f. Phys. 39, p. 444, 1926. 


CHAPTER XxX 


THE EVALUATION OF THE HEISENBERG 

MATRICES BY THE USE OF THE SCHRO- 

DINGER CALCULUS; DIRAC’S EXTEN- 

SION OF HIS THEORY TO RELATIVISTIC 
MECHANICS 


100. The calculation of the Heisenberg matrices by the use 
of Schrédinger’s eigenfunctions. 

In his third memoir! on this subject, Schrodinger begins 
by pointing out that the Dirac-Heisenberg rules for the 
p’s and q’s, viz.: 

PrPs — PsPr = 0, UIs — WsUr = 0, 


th 
and QrPs— PsUr = 5s oa 
= 0, ide ae 
are equivalent to the usual analysis for linear differential 


operators for the q’s if one replaces each p by — Brag) 
For (4;Pr — PrYr) U becomes 


Bis SOA aN iy eel ha 
We Et Hes og, 


2m (*"0q, — OGr 
th {_ ou Ou 
pi. oe \e5q U arse} 
th 
= 5 Ul. 


So (Ps — PsGr) U = 9,7 #8, and so on. 


1 B®. Souroprinasr, Ann. der Phys. 79, p. 734, 1926. 
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He also points out what has been shown in § 95 that if 
H (p, q) is the Hamiltonian, the wave equation is 


[n(-B)-shv0 


Schrédinger using a method of coordinating what he 
calls a ‘well-ordered’ function to an operator, where the 


latter is derived from the former by writing — = ee for 


2z 0g 

each p, shows how to calculate the Heisenberg matrices 
by the use of the eigenfunctions. But Dirac a few months 
later gave a theory of this requiring no more than ele- 
mentary symbolic algebra; this is given in the next 
article. Thus though the two theories (of Heisenberg and 
Schrédinger) are so totally different in their inception, 
they supplement one another and lead to the same results. 
The great value of Schrédinger’s theory is that it brings 
the determination of the Heisenberg matrices (some of 
the difficulties of whose calculation we have already en- 
countered) within the scope of the highly developed analysis 
of differential equation theory, and reduces the calculation 
to a problem in quadratures only. 


101. Dirac’s theory of the derivation of the Heisenberg 
matrices. 


The Schrodinger wave equation is 


th o 
te yee: q)— Bh Y= 0, 
eh te 27k , 
wherein it is assumed that % contains a time factore % 


so that 
Op wih th or 


a ee 


Thus the wave equation is 


(HSS By ab = Obs a te (1), 
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where H denotes the operator H (- ee a a) and H the 
= = (cf. § 105 later). 

Since (1) is linear in %, its general solution is of the form 
XC, , Where the c,’s are arbitrary constants and the b,'S 
are a set of independent solutions (eigenfunctions). [There 
may be too a continuous set of eigenfunctions ¢ (a) de- 
pending upon a parameter a and satisfying the differ- 
ential equation for all values of « in a certain range; or 
both a continuous and a discrete set may occur together, 
as for the hydrogen spectrum (§ 87).] 

Let a be any constant of integration of the system, i.e. 
a function of the dynamical variables, such that 

[a, H — H]= 0, (cf. § 104). 
. a(H — £L)=(A—- Bja. 
a (H — E) fy = (H — B) ay. 

But (H — £)%, = 0. Therefore (H — E) (as,) = 0, so 
that azz, satisfies the wave equation (1). 

Hence it can be expanded in the form 


Ce Oo oss rh ine ceaueteesahios (2), 
where the a,,,,,8 are constants. 
We may take the elements a,,,, to be the elements of 
the matrix which represents a. For the multiplication law 
evidently holds, because if bb, = UmOmntm, We have 


abi, = Ain Omn bm 


operator 


See Owe, a Cie, VE 
AO Sa Di Oto Om Pie 
But abi, = Ly, (4b) in br - 


(2D) in aa ies Oss Omni 
the law of matrix multiplication. 
As an example of a constant of integration of the 
dynamical system we may take the value x (f) which an 


EES 
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arbitrary function 2 of the variables has at a specified 
time t,. The matrix which represents x (4) will consist 
of elements each of which is a function of 4. Writing 
t for t) we see that an arbitrary function of the dynamical 
variables x(t) can be represented by a matrix whose 
elements are functions of ¢ only. 

The matrix representation is not unique (cf. chapter 
XXXI) since any set of independent eigenfunctions %, 
will do. 

To. obtain Heisenberg’s matrices, the ¥%,’s must be 
chosen so as to make the matrix for # a diagonal matrix. 

If H,, H,, ... are the diagonal terms, then writing H for a 
in (2) we have 


Ji AN SAN RMR RE ORE Pace (3), 
since Ean = 0, m#$n 
= H,,m=N)- 


Let x be any function of the dynamical variables which 
does not contain the time explicitly, and put 
Dib Lin Lenn Pans 
where 2, is a function of ¢ only. 
Then Hak, = Dy, Bint 
= Lim (Limn re Lmn Hi) Bm te Lim bmn Lb mn 
ra RY a se Thin A tien Lyon Lees nents ea ee (4), 
using (3) and § 55. 
Also since x does not contain ¢ explicitly, Hx — «H = 0, 
and therefore 
Ex, = tH, = LB, fn = Ey Xp. 
ae and, 3s, 0 Ue eects (5). 
Equating the coefficients of y%,, in (4) and (5), we have 
Onn = nn (En ~ Ey) 


2Qri 


=~ (Em — En) t 
so that Uni te. x 
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Where Gm, is constant; thus Xp = Amn eXp Ziv (mn)t, 
where hv (mn) = LE, — E,. 
This is the Heisenberg form of matrix element. 
Further, (7 — £) %, = 0, and Hy, = EH, , from (3), 
.. (H iy E,,) Bn = 0, 
so that H, is the eigenwert corresponding to the eigen- 
function ¢%,. 

Thus in order to express a g-number wx as a matrix it is 
only necessary to expand x7, as a series of terms Ln Lmn Pm - 
The coefficient 2,,, is the mn element of the matrix, which 
is of the Heisenberg type if the eigenwerte of the problem 
are taken to be the energy levels of the system. 

102. Calculation of the elements of the matrix for a 
quantum variable x. 

Suppose the eigenfunctions normalised so that 


[Fntba dg =0, méml (1), 
=) mn 
where dq means dq,dq,... dq,, # is the conjugate of #, and 
the integral is taken over the whole q-space. 
We know (§ 101) that if r,=Um%mnPm, the coefficient 
Lmn i8 the (mn) component of the matrix x. 
Multiply by %,, on the two sides and integrate (as for 
Fourier coefficients) over the g-space. Then 


[etn $mdg = [Cn nn'tn) Pind = Linn, Using (1). 


Ln = [2D in 


| or a (mn) = [cP bndg LA Ca ee (2). 


The eigenfunctions %,, %,, correspond to eigenwerte 
E,,, Em which are the energies of the states n, m; the fre- 
quency v (mn) for a transition m > n is (L, — E,)/h. 

From (2) we see that x (mn) = @ (nm), so that the matrix 
is of Hermite type. 


166 SCHRODINGER’S THEORY OF 


Thus the eigenfunctions and eigenwerte determine all 
the amplitudes and frequencies for the quantum variable z. 
The intensity of the corresponding lines is found from the 
amplitude by the formula of § 67. 


103. The interpretation of Schrédinger’s field scalar x. 


It is well known that the electric energy of a system of 
charges can be expressed as } Zev for the charges, or as a 


volume integral 4 | E?dt. In electrostatics the two ex- 


pressions are equivalent, but in electrodynamics only the 
latter has real use. The volume integral is the more general 
expression for the energy. ; 

On these lines Schrédinger proposes to replace the 
‘electrons in an atom’ by a ‘volume density of electricity’ 
which effectively represents the behaviour of the atom 
when subjected to external influences. The idea of Bohr, 
Kramers and Slater! of supposing the atom in any state 
to react to external influences in the same way as a virtual 
radiation field whose frequencies are those associated with 
all possible transitions from that state to another, is ex- 
pressed by Schrodinger by using the eigenfunction 

b = Un ln Wp (7) exp 271 H,, t/h, 
where y, is the eigenfunction corresponding to the sta- 
tionary state of energy L,,, the c,,’s are real constants and 
the y¢,’s are functions of g, where qg stands for all the 
coordinates 94, qo, »»+ Js. 

He assumes? that the atom reacts to external influences 
like a volume density p, where p = Wb, where # is the 
conjugate of ws. 


1 N. Bour, H. A. Kramers and J.C. Siarsr, Phil. Mag. 47, p.785,1924. 
> E. Scurépinesr, Ann. der Phys. 79, p. 755, equation (36), 1926. 


[The expression used in this equation was u, in a later paper in 


the Ann. der Phys. 80, p. 476, footnote (2), 1926, this is corrected to py, 
the form used above.] 
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Thus 
P= =n Cnn (7) exp {2b Ey, t]h} Zn Cm bm (Q) Exp {— Lari En t[h} 
= Damn Cm Un Bm EXP Sia alee) = En) 


+ bmn exp i 


=EnnCnlmlPn'bn EXP {2ritv (m)} + Ym Pnexp {— 2eritr (nm)}] 
since hy (nm) = EL, — Em. 
The electric moment of the atom in the direction of a 


Init (Em — Fs} 


Cartesian coordinate x is [ pudgq taken through the q-space, 
and = 2, 6, Cn Jexp {Qaitv (nm)} | Bin tin AY 


exp {= arity (nam) | PnP dg | 

= Dim nlm leXp {2ritv (nm)} «a (mn)+ exp{—2aitv (nm)}x (nm)], 

where a (nm) is the nm component of the matrix «, using 
(2) § 102. 

Now x (nm) = |x(nm)|e, where « is a real phase con- 


stant, and 
a (mn) = & (nm) =| x (nm)|e~**. 


Hencetheelectricmoment of the atomin the direction of Oxis 
Enmlnlm| x (nm) | cos {27tv (nm) — a}, 
where now the sum is taken only once for each pair of 
letters n, m. 
We have thus a kind of Fourier series for the electric 
moment in which the frequencies v (nm) and the ampli- 
tudes |x (nm)| of the Heisenberg analysis occur, which 
enables the behaviour of the atom in external radiation 
fields to be calculated. 


104. Dirac’stextension of histheory to relativisticmechanics. 
Consider a system of s degrees of freedom for which the 
Hamiltonian involves the time ¢ explicitly. 
1 Pp. A, M. Drrac, Proc. Roy. Soc. A. 111, p. 405, 1926. 
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The principle of relativity demands that ¢ shall be 
treated as a q-number like the other variables. 

On the classical theory it is known that t may be taken 
as an extra coordinate, with — H as the conjugate mo- 
mentum. 

A Poisson bracket is now defined by 

Ox Oy Ox dy\ Ox dy , Ox Oy 
[zy] = Gr paiip A — 9 ant om ot "> 
where now — #, t function like a pair p, q. 

It is invariant for any contact transformation of the 
(2s + 2) variables. A dynamical system is now determined 
by an equation between these (2s + 2) variables (instead of 
by a function of 2s variables), viz. the Hamiltonian equa- 
tion H — H = 0, and the equations of motion are 


GHis O 
0 
t aon aoe 
oH 7) 
SN eae (OLE OH y \ewen, 
(-B)=(-H=-2(F44+5 8)-F 
aor. 
fence. 
7) 
From these, if x is any function of the (2s + 2) variables, 
sn (i oe 5) +e oe 
ogi Op?) Ht OB 
0x 0 ox 0 dx 0 (H — E) 
=214~ (fH -#)—-~ —(H~— £)- = “__— 
1a ap Sioa Og en oor Co 
ox 0(H — E) 
oH ot } 


= [«, H — FE’, from the definition (1). 
fe = [eR — Hi, 
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These results can be taken over into the quantum 
theory. We assume — E, t to be a new pair of variables 
(corresponding to a p and q) satisfying the quantum con- 
ditions (supplementary to those for the p’s and q’s): 


iq—qg=0, ip — pt= 0, 
Pergo 
Qar 


The quantum mechanics of moving systems is then 
developed by Dirac in this paper and applied to work 
out the theory of the Compton effect. The comparison 
of Dirac’s results with experiment is given later (§ 118). 


105. Schrédinger’s wave equation in relativistic form. 


For a particle of ‘rest? mass m, moving in free space 


; f ae ANG C* me 
with velocity v, the energy H = Vif , where B = a 
and c is the velocity of light (§ 114). 

My & 
Also! p, = ee OL. 
eR 2 F 


he ih oO i, Cpe 
Writing p, = -5 etc., (— #) = -5 in the 


expression on the left-hand side and allowing it to operate 
on we have the Schrodinger wave equation 


Oe. Oto) aar* 1oF 
( wet 78 mgt? — = a5) # = 0. 


1 Q,T.A. § 36. 


CHAPTER XXI 


PERTURBATION THEORY IN WAVE 
MECHANICS; THE INTENSITIES IN 
THE STARK EFFECT 


106. Perturbation theory in wave mechanics. 

The problem is to determine the eigenfunctions for a 
slightly perturbed system when those of the original 
system are known. 

The method used? is suggested by that of Lord Rayleigh ‘ 
for finding the vibrations of a string of slightly varying 
density, where the new normal functions are found when 
the old ones are known for a uniform string. 

Schrédinger’s equation for the undisturbed system is 


fei, 2)-aho-0 
or (EEE) fb = 0 Nau seoaeenaeteee (1), 
where H denotes the above operator. 
The eigenfunctions and eigenwerte for this equation are 
supposed known; let them be 
ws, (9), E;, where s = 1,2, 3, 22 
We also suppose the eigenfunctions normalised so that 


[Batedg =0, s# | 
i Pee ay 
We have now to find how %, and FH, are affected by a 
small perturbation which adds a small term AA to the 
left-hand side of (1), where 4 is a small constant and A is 
a function of the q’s. 


1 EK. Scnr6prneer, Ann. der Phys. 80, . 437, 1926. 


2 RAYLEIGH, “Theory of Sound,’ vol. , 2nd edition, pp. 115-118, 
London, 1894. 
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The wave equation for the perturbed system is 
(7 + AA — BE) P=—O ween eens (3) 
and let the new eigenfunctions and eigenwerte be #,’, H,’ 
(s = 1,2, 3, ...), where 
Ef = H, + Ae, + «.., 
we =, + dust... 
Substituting in (3), which for a given s is 
(H a AA E,’) bs = 0, 
and neglecting 2, as only a first approximation is proposed, 
we have 
{1 ap tie x (A =1é,)} (fs + Av,) = 0 
or (H — E,) x, + A{(A — #,) v, + (A — €s) $3} = 9. 
But (Hf — E,)%,= 9. 
2. (A E,) ¥, = — (A — €5) Pgeeeeeeeeeees (4). 
This equation has only a solution? (satisfying the usual 
conditions) if the right-hand side is orthogonal to the 
eigenfunction of the left-hand side equated to zero, that 
is, orthogonal to ¥,. 
[For the string problem referred to above, the equation 
corresponding to equation (4) would be 
db; + p2b; = F cos qt. 
The eigenfunction of the left-hand side equated to zero is 
cos p,t and if the disturbance 4, is to be finite there must 
be no resonance, or p, # , 1.€. 


[ cos p,t cos qt = 9, 
J0 ; 


where + is a period. This corresponds exactly to the 
orthogonal condition above. ] 
Hence here for a finite solution of (4), 


[4 ee i dg = 0. 


1 CouRANT and HizBert, chap. V, p. 277. 
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ie pe [Adah dq ee (5), 
since [¥.ddg= 1, by (2). 

[This result is the parallel of the classical theory, that 
the energy perturbation Ac, to a first approximation is 
equal to the perturbation function AA averaged over the 
undisturbed path. | 

To find the perturbation Av, of the eigenfunction, we 
have to solve (4) which is 

(H — E,) v, = — (A — «,) ps. 

Let v, and (A — e,) 4, when expanded in a series of the 

eigenfunctions 7, be 
Vs = Uy Vrs a 


(A a és) bs cari Dy Ans Px 


From the latter, multiplying all through by %, and 
integrating over the q-space, we have on account of the 
normal property of the ’s (equation 2), 


[i — €,) Pyibs dq = As 


or [Adbet.da— ey |Bupedg = ary 
So Oggi== [Abebedg (s # ; Sea (7), 
or = 0 ($=) 


on account of (5). 
Substituting from (6) into (4), we have 


Ln Ves (1 an E,) Dr ik hn Lens Br » 
and since (H — H,) &, = 0, 
Dp Ves (Hy — E,) db, = — Lp Ans Py. 


a,  |Abedada 
Pon eer (8). 


“ Vhs 


a 
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Normalising #,’, we have 


|, i Xv.) (ip, He vs) dq =, 


or [yaBodg + | (vstbs + Bayh) dg = 1, 
or | (os aie Vs) dq = 0, 
or [B.2e.othn + p,Drps,} dq = 0, 
or Vee + Veg = 0, using (2)... Use = 9. 
Thus for the perturbed system the eigenfunctions are 


ALXy! by, a? 
bs oa k Dre E, iti EL, 
and the eigenwerte are 

B, + AJ Absbada, 


where the dash above the = means that the term k = s is 
omitted. 

107. Degenerate systems. 

Schrédinger! then extends this theory to the case of 
several variables and also gives the perturbation theory 
of a degenerate system. Such a system would have, corre- 
sponding to an eigenwert E,, several eigenfunctions 

Bers Besos aay Ben 
The disturbed system has then new eigenwerte 
TER Spey one Lg 1 Cans 
with corresponding eigenfunctions 
; Bs, a Usy> oe Bsn Ge Von 
and the energy level #, splits up into m new levels. 

108. Schrodinger’s calculation of the intensities in the 
Stark effect. 

In this fourth memoir Schrodinger applies the pertur- 
bation theory to work out the Stark effect of an electric 

1 B. Scurépincer, l.c. § 106. 


174 THE INTENSITIES IN THE STARK EFFECT 


field on the hydrogen lines, and calculates the intensities 
of the components of the lines H., Hg, Hy, Hs. 
He uses the Epstein coordinates* 
bes 1 
a=VdAycosd, y= VAusind, z= 9 A- pH). 
The wave equation 
8272 e 
Ag+ (E+o— ez) p=0, 
where F is the electric field, parallel to Oz, transforms into 
0 (, Od 0 Os l/l hy er8 
aan) -¥ (u 5) a ee =) ag! 
2 
ore [HQ w) + 2e2— 5 oF QP— 8) | = 0. 
The perturbation theory leads to eigenwerte 
poe 2n?me* 3 Ah? FL (ny — Ne) 
h?l? 8 Tt 6 ae 
where =n, +7,+n+ 1. 
The corresponding eigenfunctions (to a ‘zero’ approxi- 
mation) are 


boom = Qu)? © 2 Leen, (*) Tram (2) 
nny Ne N+Ny la N+Nz la 


+ 


sin 
cos 


nd, 


2 


where @ = Bcc radius of Bohr’s ‘ground’ orbit for | 


47r? me? 
hydrogen? and L” | (a) is the nth differential coefficient 
of the (n + o)th Laguerre polynomial?. 
The numbers 7, n,, n + 1 are the n,, 2, m3 of Epstein. 
The matrix for a coordinate x is then given by 


x (1MyMg, mmyms) = | dqFn nnn mma (§ 102 (2)) 
taken through the coordinate space , p, ¢. 


1 Q.T.A. chap. rx. 2 Q.T.A. p. 23. 
° Courant and HinBert, chap. 0, p. 78. 
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; 
Also dq = ¢ es Ardpdd = 5 (A+ wu) dddudg, 


and the :’s are supposed normalised before use in the 
equation. 
The corresponding intensity is then given by 


[2zrv (nN, Nz, MM, Mz) |* 
3G? 


x |& (nny Ne, MM, M-)|? (§ 67) 


for a line due to a transition from the state n, n,, N, to 
the state m, m,, M.. 

Such is the outline of Schrédinger’s work, from which 
by laborious calculation were found the numbers given 
below (§ 110); modern atomic theory is rapidly becoming 
dependent, like astronomy, upon the elaborate system of 
computation of the observatory. 


109. The selection and polarisation rules for the lines, 
in the form given by Epstein, are seen at once from the 
eigenfunctions. 


For x (NNN, MM Mz) =| {| daFansoabmmm x 


= [ffi A+ H) dpb Tony nahn mine VA} C08 $) 


The integration with respect to ¢ on the right-hand 
side is seen, by looking at the expressions for py nyn, (§ 108), 
and using the lower value, to be 


Qn 
| cos ¢ cos nd cos mp dd, 
0 


and this is obviously zero unless » and m differ by 1, or 
n—m-=+1. Thus the 2 intensity vanishes (and so the 
y intensity too) except when An=+ 1. Thus there is 
circular polarisation in the xy plane when An=+1. 
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So for z (n7N, mmm), we havez for x on the right- 


hand side and as z = > (A — »), the ¢ integral is just 


20 
| cos nf cos mhdh 
0 


and vanishes except when m = n or An = 0. Thus there 
is polarisation parallel to Oz when An = 0. 

In the course of the work which leads to the eigen- 
function %nn,n, it appears that n must be 0,1,2..., so 
that Epstein’s equatorial quantum number 73, being n + 1, 
can only be 1, 2,3.... 

Thus the value n, = 0, excluded by Epstein! by sup- 
posing the non-existence of paths which would lead to 
collision with the nucleus, never appears in this theory 
(nor does it on Heisenberg’s theory as applied by Pauli? 
to find the Stark effect separations), as there is no eigen- 
function. These results correspond to Bohr’s formula 
27?2me* =. 33 AF 

Wl? 8 w2me’ 
so that Bohr’s k= n,—n,. Alsol=n,+n,+n+ 1. 
* l+k=2n,+n+1. 
*, A(l+ k) = 2An, + An. 

Therefore if An = + 1, A (J+ &) is odd and the polari- 
sation is in the zy plane; if An = 0, A (1 + k) is even and 
the polarisation is parallel to z. This is the form in which 
Bohr states the selection principle®. 


Vip 


110. Schrodinger’s numerical results. 

The following is a table of the results for the Stark com- 
ponents for H,. The numbers for the observed intensities 
are relative, as are those for the theoretical ones, with 
different scales for the two sets. 

1 Q.T.A. §\73. 


2 W. Pauut, Zs. f. Phys. 36, p. 358, 1926. 
3 Q.T.A. § 136. 
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oi Ibs No. of : : 
Polarisation Conor Exp. Intensity | Theor. Intensity 
|| to field 2 1 729 
5 1-1 2304 
4 1-2 1681 Total 4715 
8 not observed 1 
. to field 0 1:3 2745 
1 1 1936 Total 4715 
5 not observed 16 Oban ae 
6 not observed 18 


© 


di 


BNQM 


oO 


| OO © Expt. 


The Omeans 
not observed 


12 
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Similar results were given for Hg, H, and Hs. 

Schrédinger’s figures show that the agreement with ex- 
periment is tolerably good, and better than results de- 
duced by the correspondence principle in the early days 
of exploration of spectral theory by Bohr and Kramers’; 
certain serious contradictions of that theory with experi- 
ment are removed on this theory. 

Schrédinger’s theoretical intensities also fulfil a funda- 
mental condition found by experiment? that the sum of 
the intensities of the parallel components is equal to that 
of the perpendicular components (see the table above). 
The ‘total intensities’ of the four hydrogen lines considered 
(each ‘total intensity’ being the sum of the intensities of 
the Stark components) were found to be in the ratio 

H,: Hg: H,: Hs:: 3433: 1573: 831: 485 approx....(1). 
Pauli has calculated the intensity of each of the lines of 
the Balmer series. 

For the line where the transition is / > 2, he finds the 
total intensity 
I 26 (J — 2)2%-3 
Ss 

L(l + ayire 


Taking / = 3, 4, 5, 6, the Z’s for H,,H,,H,, H; agree well 
with (1) above. 

Recently Foster* has given a series of experimental 
results on the Stark effect in the are spectrum of helium, 
and has calculated the displacements and intensities in 
fields ranging from 10 to 100 kv./em. by the use of the 
Heisenberg perturbation theory of §§ 60 to 63. A good 
agreement was found. 


(312 — 4) (512 — 4). 


1 ‘Intensities of Spectral Lines,’ by H. A. Kramers, Copenhagen, 
p. 287, 1919. 

2 J. Stark, Ann. der Phys. 43, p. 1004, 1914. 

° J.S. Fosrmr, Proc. Roy. Soc. A 114, p. 47, 1927, and A 117, p. 137, 
1927. 


CHAPTER XXII 
SCHRODINGER’S DISPERSION THEORY 


111. Schroédinger’s dispersion theory. 

Schrédinger? considers the incidence of linearly polarised 
monochromatic light of frequency v upon the atom. 

If the light is polarised along the z axis so that this is 
the direction of the electric light-vector F cos 27vt, the 
potential energy of the atom electrons is 

— F cos 2rvt (total moment along Oz) 
= — F cos 2mvt (ez for the electrons) 
= A (q) cos 27vt, 
where A is a function of g, and q stands for all the 
coordinates of the atom. 

Hence V = V,(q) + A (g) cos 2nvt, where Vo is the 
potential energy of the undisturbed atom. . 

The wave equation ee 


Ay eve T(E V)p= 
Init 


wherein it is assumed ie y has a time factor e ” , so 


Cte Be 45. 
Eliminating H from the wave equation, we have 
Ant Op _ al 
Ags ae th = 0. 
Writing in the above value of a we obtain 
Ari Os = 827? 
ee ae 07 ( 1). 
Ay ae (V.+ A cos 27vt) & = 0...(1) 


1 B. Scuréprneur, Ann. der Phys. 81, p. 109, 1926. 
Cf. O. Kuztn, Zs. f. Phys. 44, p. 407, § 5, 1927. 


I2-2 
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For the undisturbed atom 
Art Of = =877?9Vy , 
ts ja ane pt 


the eigen functions and werte are supposed known for it; 
let them be 


QniByt Qriligt 
els Piadyet: .%,. ANG Ny, Hes nes 
Consider the perturbed state of an atom whose undis- 
QniEnt 
turbed state is defined by },e ” and H,. 
Let the %,’ (of the perturbation theory of § 106) be 
written 


QriBnt 
Bn Sar Bn (9) goby a (4; t), 
where v is of order A. 
Substitute in (1), which is satisfied by ¢,’, and neglect 
squares of A. Then 


é 2 arin! 
“a A cos 2rvt ys, e 
=< (En+hv) brit att (, —hy) 
== RA te +e Fieseer (2). 
Write 
= (Bao) Y iy hy 
v(qt) =v, (e* ver ™™...(3) 
Substitution in by gives the two equations: 
2 
Abe = s(Heeehe V\ oa = ie (a 


where the upper or lower signs are to be taken together. 

[The effect of the exciting disturbance A thus depends 
not only upon A but upon the state (%,) of the atom 
when A begins to act; this is very different from the 
ordinary theory of forced vibrations of a string or a 
plate. ] 
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Equation (4) is 
h2 
{— 324+ Vo— nt ho) vy = — bh, 
and in this form corresponds to (4), § 106, the operator 


2 
Vo— ue A being the equivalent of H and H,, + hv re- 


eee the H,. 
Using (8), § 106, we have 


re [Abunda 
1 , 
Va 2 I — By’ 
‘ where the dash above the » excludes from the sum the 
case | H,, — E,,| = hv. 


If A (kn) is the amplitude of the component of the 
matrix A corresponding to the frequency 


v (lin) = (By, — B)/h, 


then A (kn) = | Afspudg (§ 102 (2)); 
A (kn) 
to UE = AD Ee. ener eee occccccce (5). 
Hence 
QriEnt 
(fee tne rh + (q,2) 
eels: Brit ap thy ort (By —hv) 
He ® +r, (Qer or 4o_(e® 
Prt 
QriEnt pam 
= tine dione + 4D A (kn) br {ye — E,+hv 
ae (Hn hv) 


ue [eed pode aig pe is} Dacia (6). 


We now follow the procedure of § 103 and calculate 
the ‘density’ p given by p = ¢n'py’. 
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The result is E. — B,) A (kn) deb 
Wh ’ Riz n n 
p= bntn + 2cos Qrvt dX, Cae 


Let the dipole moments of the undisturbed atom along 
y and z, viz. Sey, Lez, have matrix components b (kn), 
c (kn), so that 


b (kn) = | (Sey) Fuputa 


¢ (lin) = | (Bez) Panda 


Then, since at the outset of this article, A = — F (Zez), 
where F is the incident light vector, 


A tie) =e IC (Kit)... cncdawas omen eens (9). 


To find the dipole moment along y for the disturbed 
atom we calculate 


[Beye dg 


< | (Zey) {be + 2cos Qnvt Dy’ OSs a 
, (E, — E;,) A (ken) b (kn) 


= b (nn) + 2 cos Qrvt Dy (E E 2 h2 p2 > 
(Mere eed ANS 


using (8), 
,(H,, — E,) 6 (kn) c (kn 
= b (nn) — 2F cos 2rrvt we ( (E,, =e * ee ) 

This second term gives the secondary radiation to which 
the original wave F cos 27vt gives rise; the first term is 
the constant dipole moment which is eventually connected 
up with the original free vibrations. 

This dispersion formula is identical with that of Kramers 
and Heisenberg! for the secondary radiation, found by 
correspondence principle methods. It contains the so- 
called ‘negative’ terms which correspond to the possi- 


...(10). 


1H. A. Kramers and W. Hutsenpere, Zs. f. Phys. 31, p. 693, 
equation (29), 1925. See also Q.T.A. §§ 148-152. 
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bility of changes to a deeper level (H;,< H,) to which 
Kramers! called special attention. 

The important connection of the coefficients of the 
secondary radiation from the atom with its spontaneous 
emission coefficients b (kn), c (kn) is brought fully into 
evidence. 


112. For excited atoms there may be not just the one 
eigenfunction %, in the original state, but several, say for 
example two %,, Bm. In the expression for wp’ and for 
the electric moment of the disturbed atom, not only the 
terms already found arising directly from the %, and %,, 
occur, but combination terms 


These give not only the spontaneous radiation due to the 
existence of the levels E,, Em, but also a perturbation 
term of the first order, proportional to F’, due to the inter- 
action of the 7, forced vibrations with the %,, free vibra- 
tion and of the ¥,, forced vibrations with the %, free 
vibration. The frequency of these new terms in pp is 
seen without calculation to be 


ts Ei, — Em 
v F 4 


Ln Bim 


These scattered non-coherent waves were found by 
Kramers and Heisenberg?, and also predicted by Smekal 
by the use of light quanta. 


1 H. A. Kramers, Nature, 113, p. 673, and 114, p. 310, 1924. 
2 Q.T.A. §§ 153, 154. 


CHAPTER XXIII 


LIGHT QUANTA; DE BROGLIE WAVES; 
DIFFRACTION OF LIGHT QUANTA; THE 
COMPTON EFFECT 


113. Light quanta. 

The history of the corpuscular and wave controversy 
in optical theory is well known. At the end of the last 
century physicists had no doubt as to the wave character 
of light, and the acceptance of the wave theory meant 
the rejection of the corpuscular theory. The possibility 
of both being correct and helpful to one another had not 
been much thought about and still less explored. 

At about this time Planck’s quantum theory appeared 
and was soon followed in 1905 by Einstein’s theory of 
‘light quanta’ to explain the photo-electric effect*, for which 
the wave theory alone had utterly failed to account. 
Einstein assumed that radiation exists in discrete ‘quanta’ 
of energy hv, where v is the frequency; thus a quantum is 
a separate thing, like a corpuscle, and has a frequency 
associated with it, like a wave. There was a blend of the 
two older theories involved. This idea has been generalised 
by the speculations of Louis de Broglie, who pointed out 
the important clue given by the theory of relativity, 
namely, that of the identity of mass and energy, so that 
the conservation of mass is therefore also the conservation 
of energy. This suggested to him that all forms of energy 
(including radiation) should have an atomic structure, like 
matter; and that the atoms of energy are grouped round 
certain singular points, forming electrons, light quanta, 
and the like. 

1 Q.T.A. §§ 24, 25. 
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114. de Broglie’s! theory of atoms and their associated 
waves. 

He considers a singular point, such as a material particle 
or a light quantum. It will have a mass mp), its ‘proper 
mass’ aS measured by an observer moving with it. The 
theory of relativity tells us that the energy associated 
with it and measured by this observer is m,c?, where c is 
the velocity of light. Consider two Galilean systems of 
axes, one moving with the particle and the other in which 
it has a velocity v = fc parallel to Oz. . 

The energy, being m,c? in the former, is —“°°— in th 

sy, g mc? in ormer, is in the 
latter. Vee 


The difference of these two expressions, 


emia >) 
ae 7 1— BP ye 
is the kinetic energy of the point in the second system, 
and if 8 is small reduces to the classical value $m)v?. 
de Broglie now makes the following fundamental pos- 
tulate: ‘If a material element in the most general sense 
(electron, proton, light quantum) has energy W, there 
exists in this system a periodic phenomenon of frequency 
v defined by W = hv.’ 


- Thus the frequency associated with the mass mp, in the 
oC 


first system will be vy) = a and will be that of a periodic 


phenomenon spread round the mass point, of which the 
latter is a singularity, just as an electron is for its electro- 
static field. This phenomenon must be analogous to a 
stationary wave and can be represented by 
Aj (Xo, Yo. 20) sin 27 voto, 

where 2%, Yo» 20; & are the space-time coordinates proper 
to the first system and f (x, Yo, %) is the amplitude at 
each point of the phenomenon. 


1 Louis pe Broatiz, ‘Ondes et mouvements,’ Gauthier-Villars, 
Paris, 1926. 
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How would this phenomenon appear to an observer in 
the second system who sees the particle pass with velocity 


v (= Be)? 


The Lorentz transformation shows that it would 


appear as 
(Gee, an 


aN Ma Ve ane 
Mii Renica | we: 


mae Ob \ z 
(1) becomes f(y, =a sin 27rv (« =e a 
and represents a wave of frequency v, whose amplitude 
travels along z with speed v, and whose phase travels 


along z with speed V. 
As the energy # of the particle in the x, y, z system 


is Vai Ri , we have 
ro moc? yy re 
VI-# Vi-B 


so that the quantum relation is conserved. 
Further, regarding v, V as functions of B, 


i vy PdB if ee! 
dy = a oo a(>)= ap, 


so that Bu (7) agen poh taetian ees (2). 


Vp Bc 


v  (1— p28 
V1— fp? Be 


, using (2) 
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Thus ‘= Z (>). which is Rayleigh’s relation for dis- 
persive media, connecting the velocity (v) of a group of 
waves of frequency v with the velocity (V) of the waves 
themselves. 

Thus the particle is surrounded by a group of waves 
keeping pace with it with velocity v = Bc, whose indi- 
vidual waves (phases) have a velocity V = c/B (and thus 
> Cc). 


115. The momentum of a light quantum. 


2 
Since hy = B= —°_._ and the momentum = mv, 
V1 — fp? 
where m = ok the momentum 
EAN Migs ee hv 
ey ee 


For a light quantum m, > 0 and v — cc, the energy re- 
maining finite and = hv; the momentum > “4 : 
Thus the light quantum has energy hv and momen- 


“een 
c 


116. The pressure of radiation. 
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Consider the incidence of monochromatic radiation upon 
a plane reflector. Let there be n quanta per unit volume, 
so that p = nhv is the energy density of the incident beam. 
Consider an area dS of the reflector. In time dt, the re- 
flector receives n (dS cos 6) (cdt) quanta and reflects them. 

Before and after reflexion each quantum has momentum 
hv/c and, while the impact does not affect the tangential 
component, it reverses the normal one. Thus the impulse 
on the reflector in time 6¢ h 

= 2[ndS cos 0 cdt] E cos a] 


or the force on the area dS = 2ndShv cos?0 or the radia- 
tion pressure = 2nhv cos? 6. 

If # is the total energy per unit volume due to the 
incident and reflected beams, H = 2p = 2nhv, and thus the 
radiation pressure p = E cos?0. 

If we have an infinite number of rays of the same density 
such that all angles of incidence are equally represented, 
p = E'cos?6, where the bar denotes the mean value in the 
range 0 = 0 to z, so that p = H/3. 


117. Dvffraction of light quanta. 

Duane! considers a crystal, represented by a space- 
lattice along whose axes q, q, g3; are lattice points 
at intervals a,, a,, a3. Through the impact of a light 
quantum, the crystal receives an impulse whose com- 
ponents are p,, ~2,, p3. But the impulse it can receive is 
limited to special values given by the quantum conditions 


pi dq, = nh, etc., where n,, n,, n, are integers so that 


mh = py [aa = PQ, 


since the integrals are taken through one period of the 


lattice. nh 
= —, etc. 
Pi Oy p) et 
1 W. Duang, Proc. Nat. Acad. Amer. 9, p. 158, 1923. 


\ 
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If 1, m,n are the direction cosines for the light quantum 
before impact and 1’, m’, n’ those after, then the loss of 
momentum of the light quantum is (/—l’)hv/c, etc., 
neglecting the change in v (§ 115). These must be ,, 92, p53, 
the momentum given to the crystal. 

(l— 1’) hv/e=n,h/a,, ete. 
.. L—-V =n, c/a,p, etc. 

But the Laue! formula of the classical diffraction 
theory is ?—U’= ee etc., where m,,m,, mz, are the ‘order- 
numbers’ of the diffracted rays; since A=c/v, these are in 
complete agreement with the Laue m’s regarded as quan- 
tum numbers. 

Jordan? has extended the theory to the impact of 
material particles on a lattice and finds the same results 
if A is taken to be the de Broglie wave length associated 
with the particle. 


118. The Compton effect. 

J. J. Thomson in his experiments on the scattering of 
X-rays found that for a thin layer of matter the intensity 
of the scattered radiation was the same on the two sides 
of the plate. Compton found this to be true for moderately 
hard rays, but for hard or y rays, the scattered energy 
was less than the Thomson value and was concentrated 
on the emergent side of the plate. 

On the classical theory each X-ray affects every electron 
of the plate and the scattering is supposed due to the 
combined effect of all the electrons; the result is utterly 
at variance with recent experiment. 

On the light quantum theory, used by Compton, any 
one quantum of X-rays is not scattered by all the electrons 


1M. Lavun, Ann. der Phys. 44, p. 1197, 1914. 
2 Pp. Jorpan, Zs. f. Phys. 37, p. 376, 1926. 
3 A, H. Compton, Phys. Rev. 21, p. 483, 1923. 
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but by some one electron. He considers the impact of 
an X-ray quantum of energy hv and momentum hv/c with 
an electron at rest. 


Momentum Diagram 


The energy and momentum of the scattered quantum 
are hv’, hv’/c and those of the electron! after impact 


i 
myo? | 1], PRES 


J/1— B 
where fc is the velocity given to the electron. 
Using momentum and energy principles we have 


2 2 4.2 , 
( MaRes. ) -(”) +() 2 Sis iteals 
V1— Bx C c Coe 
1 
Bis NY: 2 Ai 
and. hy = hv’ + me SS 1) 
These equations determine f, v’. 
From the second, 


aero h(v— v’))? 
ec) Ee 
Be a 2h(v—v’)  h®(v—v’)? 
1.— B2" Sange* m2 c4 
1 QT.A. § 36. 
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Substituting in the first, we have 


Reha h? 
2myoh (v — v’) + oe (v— vy’)? = oz (v? + v2 — 2vv’ cos 8) 


i eal 
or 2imgh (v — v') = —] wv (1 — cos 6) 
or 1 ays 2h Si 29 
Youn Pate Ce 2 


If A, X’ are the corresponding wave lengths, 


A= Cv, N = ¢/y’, 
and therefore 


ahie reo 2h 
= Seth Pye Bee A. La 
A+ feat 5° Ee 4°8 x 10 | es 68s 
Hence Aat =1+ aby z 
v My Cc” 2 
and writing a= a 
M,C? 
v eed 
we have va it 2asin® 5, 
and therefore 
1 h(v—v’) v 
oo 1 ey a re) ee ] =, bea beeen (Diy 
V1 — BP es Myc” i (2 = 


2a a ea + (2a + a?) ae 
. 2 ‘ 2 
. p= Sr area er aa paea)s 
1+ (2a + a?) sin® 5 


Equation (1) shows that A’ > A, the increase ranging from 

a few per cent. for ordinary X-rays to more than 200 per 
cent. in the case of y rays scattered backwards (0 = 7). 
At the same time the velocity of recoil (8c) varies from 0 
when the ray is scattered directly forward to about 80 per 
cent. of c when a y ray is scattered at a large angle (0 ~ 7). 
From (1) and (2) Compton found that for incident radia- 
tion of intensity J,, the intensity J (r, 6) of the radiation 
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scattered in a direction @ by N electrons had at a distance r 
the value given by © 

Net 1 + cos?@ + 2a (1+ a) (1 — cos 6)? 
9 2r2m2ct ” {1 + a (1 — cos 6)}5 


I(r, 6)=1 


O 45 90 135 180 
Angle of Scattering 
Dirac? has lately calculated the Compton effect by the 
use of his new relativity quantum mechanics (§ 104). He 
finds that for plane polarised incident radiation of intensity 
I,, the scattered radiation at a distance r in a direction 
whose polar angles are 0, ¢ is 
Nes sin? h 
OE Vea r2m?ct * {1 + a(1—cos 6)}8’ 
1 Pp. A. M. Dirac, Proc. Roy. Soc. A. 111, p. 405, 1926. 
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where @ is the angle of scattering and ¢ is the angle be- 
tween the direction of the scattered radiation and the 
direction of the electric vector of the incident radiation. 

For unpolarised incident radiation, Dirac deduces 

Net 1 + cos?0 (4) 
2r?m?c* {1+ a(1—cosé)} “CY” 

The full curve of the figure shows the variation with 0 
of the intensity of the scattered radiation according to 
Dirac’s formula (4), for unpolarised incident radiation of 
wave length -022 A (and therefore a = 1-2). The lower 
broken curve gives the results of Compton’s light quantum 
theory and represents his formula (3); the upper dotted 
curve is the result of the classical theory, which expresses 
I (r, 0) as , Net 
° 2r2m?c4 


The crosses indicate Compton’s experimental values. 


L(r, =I, 


(1 + cos?6). 


See also W. Botus and H. Guicnr, Zs. f. Phys. 32, p. 639, 1925. 
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CHAPTER XXIV 


THE THEORY OF THE ANOMALOUS ZEEMAN 
EFFECT ON THE NEW MECHANICS 


119. The precession of a spinning electron moving through 
an electric field. 

Owing to the motion of the electron through the electric 
field E with velocity v it is subject to a magnetic field 


H= - (E,v), where E,v means the vector product of 


E and v. 
If M isthe magnetic moment and S the angular momen- 


tum of the spin of the electron, M = — S. (§ 22.) 
0 


The effect of the magnetic field H is to cause the spin 
axis to precess about H with angular velocity w. The 
energy AH due to this precession is (w.S), where w.S 
means the scalar product of w and S (§ 7); and it is also 
H.M by the usual formula for the energy of a magnet in 


a magnetic field. Thus ».S = H.M = eS 
MgC 


eH 
we 

just twice the Larmor value. 

Substituting for H, we have 

coe ae (E, Vv) eee (1). 

When this value was applied by Heisenberg and Pauli to 
calculate the width of the spin doublets, the value found 
was twice that of experiment. 

120. Thomas’s! relativity correction of this result. 

Thomas resolved this difficulty by pointing out that the 
precession calculated in § 119 is the precession observed 


1 L. H. Tuomas, Nature, 117, p. 514, 1926; Phil. Mag. 3, p. 1, 1927. 
See also J. Frenxut, Zs. f. Phys. 37, p. 243, 1926. 


THE SPINNING ELECTRON ; 195 


in a coordinate system in which the electron is at rest; 
whereas what is needed is the precession observed in a 
system in which the nucleus is at rest and the electron 
moves with velocity v. 

Let 1 denote a coordinate system in which the nucleus 
is at rest at time ¢, 2 a system in which the electron is at 
rest at time ¢, and 3 a system in which the electron is at 
rest at time ¢+ dt. 

Relative to 1, the velocity of the electron in 2 is v and 
the velocity of the electron in 3 is v + fdt, where f is the 
acceleration of the electron. 

The system 2 is derived from 1 by a Lorentz trans- 
formation with velocity v, and 3 from 1 by a Lorentz 
transformation with velocity v + fdt. 

The precession seen by an observer in 1 (which is what 
is sought) is that precession which would turn the direc- 
tion of the spin axis at time ¢ in 2 to its direction at time 
t+ dt in 3, both directions being regarded as directions 
in 1. To a first approximation 3 is found from 2 by a 
Lorentz transformation with velocity fdt together with a 


: 1 
rotation 302 (v ,8) dt. 


Thus to a first approximation, the observed rate of 
precession is 


é 1 
mC? (E,v) — 22 (vf), 
and writing f = — to this order, the rate becomes 
0 
€ 1 Ee 
MC? (E,v) + De2 (v, | 
€ € 
oa Myc? (E,v) 2m a av) 
inee 
Be EtG) © tenes stusrestencenrswearen 2), 
9 ee av) ( ) 


which is just half of (1). This is Thomas’s result. 


13-2 
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For a Coulomb field where the nuclear charge is Ze, 


and the precession (2) becomes 
Ze? 
mows Fa): 
But the angular momentum L in the orbit is m, (r,v); 
so that the precession w is 


Ze? 
2m,"¢*r* i 
Hence the energy term due to the precession, being 
(w.S) (§ 7), is 
Ze? 
Imgeorrs (LS) wee stcensantes as (3). 


Finally, the magnetic field H =(E,v) is perpendicular 
to each of the vectors E, v and therefore in the Coulombian 
case is normal to the plane of the orbit. Thus the pre- 
cession of the spinning electron is about the normal to the 
plane of the orbit. 


121. Relativity correction for the Keplerian orbit. 
The Hamiltonian! for an electron moving about a 


nuclear charge Ze is 


2 
H= CV m2? + py? + py? + Pz" — Myc? — a 


a {BE (Pet t+ Py? + pe") $ (p22 + py? + p,?)? Ze? 
= MC m202 — rea ee 

0 Mp*C r 
_ Po" + p+ Pp? Ze (par+ p,? + p,*)? 


Dmg . Sm 50? _» approx. 
a 


We regard the relativity term H, as a perturbation of the 
usual orbit given by H). 


1 Q.T.A. p. 80. 
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The additional term to the energy due to the pertur- 
bation is the mean value H, of H, taken over the undis- 
turbed path? (§ 61). 

If H, is the energy in the undisturbed orbit, 

Pu® + py? +p? Ze? 


2m i 


Vi 2\) 2 
[2m (B+ 5 )} 


8m, %c? 


so that H,=— 


Ae 1 ar A: 
es |B." + 2Z¢E, (;) + Bret (3)}. 


which is the additional relativity energy term. 


122. Heisenberg and Jordan’s calculation? of the ano- 
malous Zeeman effect by the new mechanics. 


The problem considered is the motion of a spinning 
electron about a nucleus under the action of a magnetic 
field. 

The electron charge is — e, the effective nuclear charge 
Ze, the angular momentum of the electron due to its spin 
is S and the angular momentum in the orbit is L. The 
behaviour of the electron, neglecting relativity, the mag- 
netic field, and the spin of the electron, has been given on. 
the new mechanics by the Dirac-Pauli theory of the 
hydrogen atom (§ 81). 

The present problem is to find the perturbing effect of 
these three causes on the Dirac-Pauli result. 

The perturbation energy in the Hamiltonian is the sum 
of three terms. 

Term 1 is that due to the action of the magnetic field 
on the orbit and the electron-magnet. The magnetic 


1 Q.T.A. § 133. 
2 W. Hxersensere and P. Jorpan, Zs. f. Phys. 37, p. 263, 1926. 
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moment associated with the former is L and the 


e 
2m C 


latter —— S, so that term 1 is 
MyC 


e e e 
ee == H.(L+ 2S). 
ee) + Hila s) sant (L + 2S) 

Term 2 is that due to the action of the electric field 
upon the moving electron-magnet; this has been found 

Ze? 

(§ 120) to be soa, (-S). 

Term 3 is due to relativity mass variation and is given 
by § 121. 

If the mean values of these terms are taken over the 
undisturbed path and are denoted by H,, H;, H;, then 


pe é _ 
H, =>, HL + 28), 
— Ze? 1 

Ha or tet eae 


a 1 ‘L 1 
By 5 {s* + 22¢%H, (7) + Zet( a) 
where the bars denote mean values. 
For an alkali atom where there are inner igi, the 
degeneracy of the hydrogen atom is removed and L, S, M, 
may be taken as ee with the “oe sets of 


values i 
Evid+), -veern, & 
so that they are cee matrices. (I, is defined in § 72.) 
The undisturbed system is then only degenerate in 


respect of one coordinate. This is S,, the component of S 
h 
along the field, = ae 


Owing to this degeneracy H, + H, + H, will not be a 
diagonal matrix and the perturbation theory for de- 
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generate systems (§ 62) must be used, where by a trans- 
formation COW eatlg shy EW 2 ihe =H, H,+ H,+ H, be- 
comes a diagonal matrix H and so discloses the energy 


levels. [H, + H, + H, is the AH, of the theory of § 62.] 


123. The calculations. 

The part H, of the mean perturbation energy is not 
affected by the transformation, since it contains no de- 
generate coordinates; it can be added on at the end. 

For the momenta L, S the general rules of §§ 71, 78 apply. 

Thus [L,L,]= L,, etc.; [S,S,] = S,, etc.; and each 8 
component commutes with each LZ component. 

Writing L, = ee m, and recalling S, = ee m, (§ 122) we 
have m,-+ m,= m, since S and L compound into J the 


angular momentum of the whole atom. (3 is the M of 


§ 71, whose z component M, = iB. m.) 
From § 77, 
h 


(L, + ¢£,) (15 m,,1,m,—1) = se a 1) —m, (m,— 1) 


(L_— iL,) (l,m, — lam) = 2 VIE Y= mm 1) 


bo 


(L, — tL,) (l,m, 1, m,— 1) = 0 
(L, + tL,) (l,m, — 1,1, m,) = 9 (1). 
Ly (l, my, t, mM) = 0 
L,, (1, m,, t, m,) = 0 
h 
ee (1, m,,1, m1) = on Mm, 


L, (l, m,,1,m,— 1) = 09 
L, (l,m, — 1,1, m,) = 0 
The same relations hold with S written for L, s for J, 
ANG 1, LOL My ...eeceveerscnccscscrscecsseeesrcecssasenensenes (2). 
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aS e Zee 1 
H, + Hy= 57,3. (L+ 28) + 5 acs (2) -S. 


Ze (\\ (h\? 
Ore 2mp mag |l = Qa a 2m,2C? a) (5) ies 
and observing that H.L = |H| L,, we have 


He =r (Dy +28,) + (F 7) ALS + L841 


= 7 (Lp + 28.) + (42) M{LeS. + § (Le + iLy) (Se — 68) 
8 2 (L, ate Ly) (Se se W,)}. 
The indices m, 1, s are constant during the changes of 


m,, and corresponding to changes Am,= 1, 0 or — 1, 
there are changes Am, = — 1, 0 or 1, since 


m,+m,=m. 
Hence using relations (1) and (2) we have 


(H, “i H,) (mms) ae yf (m, a 2m) a Am,m, 
mph (m “tt ms) 1 dm, (m Ae Ms) = d (ms), suppose ...(4) 


and (Ay at H,) (ms, ms — 1) 
Qrr\2 A : p 
a (F i. ret Oe Ly) (m,, Mm, hs 1) (S, 29 Wy) (ms, mM, — Pe 


since m,> m, — 1 means also m,> m,+ 1, and the other 
terms of the expression vanish for these changes. 


i (A, a H,) (m,, Mm, = 1) 
= 3VTCF T= om, + mye e+) —m, (m,— 1} 


CN (m—m, +1) (m—m,} (s(6+ 1) —m,(m,— 1} 


== os (710,), SUPPOSE) 1) sev eaeeeeben ses seaeay cree ee me ee (5). 
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In a similar manner (H, + H,) (m, — 1, m,) is found to 
be equal to this same ¢ (m,). 

The number of possible values of m, corresponding to 
a given set of values of J, s, m is fixed by the conditions 


—s<m,<s 
aes 
or —s<m,<Ss (6) 
ee ET ee ; 
using M,+m,=™mM. 


The different values of m, correspond to the 1, N2, Ns, «-- 
of the perturbation theory of § 62 for a degenerate system. 

Let m, be the minimum and m, the maximum value of 
m, satisfying the conditions (6). 

Then the determinant equation (2) of § 62 becomes here 


0=|2-(H,+H,) (mm),  —(Hy+H,) (my+1,m),  — (Hy +H) (m,+2,my) «0+ 
— (H+ Hy) (my, m,+1), B— (H+ Hp) (m,+1, m,+1), — (y+ Ap) (my +2, my +1) .... 


eee dee cece ec ccc reece ele ees ede DSO OSEC OSE T CEO ESTOS ESO ODS OSES OTE OESS LEEDS CL ELC CSO CODECS ECOLC OCC OD 


or 
0 =|£—¢(m,), —(m,+1), 0, Opps sats toes 
—a(m,+1), E—-$(m,+1), —ub (M142), 0, eececrsoveee SUN, 
0, —b(m,+1), H-¢(m,+2), —%(m,+3),...0 


cece ccc r ee scce ee cce reece eee n eee eecegeseeresseoeesseeseesseeeseaerseseeee® 


where the ¢’s and #’s are given by (4) and (5). 
This is an equation of degree m, — m,+ 1 for H with 
coefficients rational in 1, m, s. 
The sum of the roots is 
h (my) + $ (my + 1) + «2. + G (mM). 
N=Ms 


x EL, = o (m,) + ... + $ (ms) 


n=™ 
= Ein {py (m + mg) + Am, (m — m,)}. 
Thus the sum of the energy terms arising from (7) is 
linear in A, p and this expresses the “summation principle’ 


of the Zeeman effect. This principle is that on passage 
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from a weak to a strong magnetic field the g-sums and 
the y-sums remain constant. 

The former (for the g-sums) was discovered by Heisen- 
berg! and extended by Pauli?; the latter (for the y-sums) 
is due to Landé?. 


1 W. HutsenBera, Zs. f. Phys. 8, p. 273, 1922. 

2 W. Pautt, Zs. f. Phys. 16, p. 155, 1923. 

3 A. Lanp#, Zs. f. Phys. 19, p. 112, 1923, and § 14 of ‘Zeemaneffekt 
und Multiplettstruktur der Spektrallinien,’ by E. Back and A. Lanp#, 
Berlin, 1925. 
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124. Detailed calculation for an alkali doublet. 
Here s = 5: so that by (6) § 123, m, must be + a 


1 1 

If m, = 5, then m —1 <5 

If Mm, = — 5, then m—1<—5<m+l, or m <l— 
only. 

The upper limit for m is the 7 of $13, so that corre- 


1 
<m +1, orm <1 + 5 only. 


bol = 


; Le 1 pan 
sponding tom,=5,j=1+5,andtom,=—5,j=! 3" 


This agrees with § 23. 
The determinant equation (7) reduces to 


2-4(-3). -4G)|-» 
-+()) 8-46) 


OF |B p(m—4)+d (m+4), AVEC) ODED |= 


— 


since here ™, = — 5 


A 
AV TERT CoB) DYE E Be (mB) 5 (m3) 
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2 r2 
or (0 — pm +4)" — (y+ dmyi= ZC + l)— m+ B= 0 
2 Ni ut (ni —}) — oe 
or HY (2m — 5) + p? (m? — ¢) — p Z 


or B= pm— 24 3V p+ Ban CFP vel Lye 


This is in exact agreement with the Sommerfeld* 
formula of § 39 obtained by adapting the Voigt coupling 
formula to the quantum theory. . 

(63) 


The p above is ho and the A is ame 
z 
the original width of the doublet (§ 39). 


where w = Aw, 


125. The intensities of the Zeeman components of the 
doublet. 

We now use H to denote H, + H, and carry out the 
transformation SHS-! = EL, which led to the energy equa- 
tion (7) of § 123. 


Then SH = ES. 
*, 2,8 (nk) H (km) = =, E (nk) S (km) 
= EL (nn) S (nm), 
aince #/ is diagdmalgiatrix.: ......c sce ceadesnseeee ene eeme (1). 
[n, k, m denote values of m,.] 
From § 123, 


only H (m,,m,), H (m,,m,— 1), H (m,— 1, m,) 


have non-zero values and since m, = + ; for the doublet, 


only 
H (3%), H (3 — 3), H (— 44), H(-4-}4) 
have non-zero values. 
Hence from (1), writing n = - Mm = : and so k= + 5 
1} A. SOMMERFELD, Zs. f. Phys. 8, p. 257, 1922. 
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S (34) A (44) +8 (4-3) H (— 33) =Z,8 (43); 
ARE 1 1 1 
writing n = 5,m = — 5 andsok= + 5, 


SH) H(b-3)+8G-)H(-3-N-BSG-¥ 
where H, = E (4 3). 
From the second of these, using (4) and (5) § 123, we have 
)\ a Se 
8 (43) {3 VET = ms mF 
— pe (m 


=8 ($= 4) {By—pim— P45 (m4 ph 


- SGH= CH —wim—H+5 (m+ Hh 


A 

sg-H=045 eal mee 1} 
where C is a constant. The value of C is determined by 
the normalising condition S8* = 1, which here gives 

S ($4) 8* (44) + S(h— 4) S* (—- 34) = 
or S ($4) S* (33) + 8 4 — 3) 8* (3-3) = 1 
or Seyi o te — 4) (7 = 1 
Therefore using (2), we have 


x 2 
jo 12 {5 — wom — 4) +5 (m+ D} 
2 
+N qd+1)— m+ B] = 
Substituting for #, from (1) § 124, this becomes 
4 
|¢|? 


2 


is 


= {e+ dm + Vp? + Qpdrm + (E+ $3" 
+ AP {lL (U-+ 1) — m? + 4}. 
= p+ Qudm + 2 (1+ 4)? 
+ (w+ dm) Vn? + udm +? (0+ 4)? 
= A?+ A(w+ Am), 
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where A =V p? + Quam + A? (I+ 4)*. 
2 
. Pipes 
Te (wu + Am + A)A 
Thus we have - 


Sib eo Ut ho (3), 
S44 — 4) =40AV C4 42 — 
2 
2— 
where be ee easy 
and A= Vu? + 2pdm + 2 (E+ 4) 
Se S(— $4) = 40 (u + Am— A) ;, 
S(-4-H=40°AVEa |] 
’ 2 
where Oe nA 


The transformation matrix S is thus found. 

To find the intensities we have SqS-1 = q’, where q is an 
undisturbed function of the coordinates x, y or z, and q’ 
the perturbed value; also gis a diagonal matrix for m,. It 
suffices to consider the case where 1 > / — 1 (cf. § 2); this 
will be understood, and the 7 not written in. 

From § 80 (replacing 7 by / and m by m,) 


(x + ty) (m,,m,— 1) = — BV (1+ m,) (+m, — 1) 
(2 — ty) (m,—1,m,) = Bv(l—m,) (—m,-— 1)7---(5). 
z(mym,)= BVP— m2? 
The general formulae are rather complicated and we 


confine ourselves to lines of the sodium D type, where 
l changes from 1 > 0. 


Calculation of the Zeeman intensities for the sodium D 
type of doublet. 

Since —1 <m, <1, m, is 1, 0, — 1 at the beginning of the 
transition (where / = 1) and is 0 at the end (where J = 0). 
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Since —s<m,<s, and s=5, then m, = By 
Now m=m,+ m, so that the possibilities are at the 
start 


1 1 3 ih 
m =1, Mem 5 Ol ears; mM=5 OF 5; 
1 1 1 1 
m, = 0, Wipe Olen. M75) OF =% 
1 1 1 3 
m=—1, LL ial aE Me NG OL 
and at the end : : ; “ 
m,= 0, m,= 5 OF ao Olina ig 


3 lines corre- 
sponding to 
x + ry of (5) 


4 lines corre- 
sponding to 
z of (5) 


3 lines corre- 
sponding to 
x —wy of (5 
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The possible transitions for m; are 10, 0-0, —1—0, 
corresponding to circular polarisation in one sense in the 
ay plane, linear polarisation along z, and circular polar- 
isation in the opposite sense in the xy plane; these when 
viewed across the field, are 1, ||, | components. 

The possible transitions are shown above (p. 207) by 
arrows, since no Am can exceed 1. 

These are the 10 Zeeman lines of the figure of § 39 for — 
the sodium D-doublet; the first three and the last three 
make the six r components, and the middle four the four 
p components of the figure. 

To find the intensity of the line 


is 1 ee 
Ph te os: 
which is one of the four p lines, we carry out the trans- 
formation 2 ?= 8] 2|2S2 
a 
so that | 2’ |2(44)= ae. 


i: (4) het as 


where the quantum numbers refer to m,. 


From (5), 
| 2 |? orn 1? — m,°) = | B |? (1? — 0?)= | BI’, 
and from (3), | 8 (23) |?=2| © |? (m+ 34+ A)?, 
2 

h ho RA ss 

bara LOS (e+ Ps AVA 

and A= Vp? + prA+ 223, 

writing m= 4 and/= 1. 

12" [24 4) = Bias po 


-Eh 4 e+ Za ! 
z Vu? + pA-+ 42%)” 
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Finally for the 10 lines, Heisenberg and J ordan found 


AM 
[2G 4,44) =3/Bp(1+452) 
/ iN 
[2 |*(— 4-4, 42) =#/B)(1-2 42) 
lf G4 —4-® = 2/8 (1+—#5") 
; = eee 
I R(-d-4-2-H = 8 / BP (- KE) 
, / sts 
|’ — iy’ |7(— 24,44) = |Bp+45*) 

pad fos | 
eae (oe dome Le Spool ig AM iy Cees 3A 

| = 2 2 ave A’ 

|’ — iy |*(-8-4,-4-) = [Ble2 
| =’ + iy’ |? (84, $4) e  Bh2 . 
Ja + iy PG - 4,82) = |B (Ese) 

ll. 
Jeti P@-b-9-h = [Be (+24) 
where A= Vp? + Ap + 202, 
and A’ = Vp? — Aw + 22, 


and the notation (m,m,,m’,m,’) means a transition in which 
m—->m’ and m,-> m,’, a8 indicated in the table of p. 207. 


126. Deduction of the Landé g and y formulae. 
For a weak field » <A. 
If « were zero, then H, = 0 and 


= 2 7 
[PR EE (=) is (F)axs. 


cr 2m,2c? \r3 h 
If J is the total angular momentum vector for the atom, 
J=L+S 
and J?=L?+8?+L.84+S.L 


= L?+ S?+ 2L.S, 
since L, S commute. 
So Det a leit — 2S Sos iveececesescass (1). 


BNQM 14 
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* 2L.S= J?-— L?— S? 


=($) G+) -1d+ 86+) 


“ H,= pATj(Gt+ 1)-—1+ I) —s(s+ J} 

The actual system, if » is small, is this one slightly 
perturbed. In the undisturbed system the atom precesses 
about J. The energy values of the perturbed system are 
given by the mean value of H, over the undisturbed path. 
If L, S are resolved into one component parallel to J 
and one perpendicular to J, the two latter will disappear, on 
account of the precession, on taking mean values and only 
the former give a contribution to H,. Taking over into the 
quantum theory these considerations borrowed from the 
classical mechanics, we have, since all the magnitudes 
concerned commute, the components along J of Land S 


are 


a and ae J. 


The corresponding magnetic moments are 
J.L e Je 


J? 2m J? mc" 
J.L 23.8 
mena ae } 
dee J? — sad 
on cea jl+" ar mi 4 eb asa ciate” rf 
using (1), = pm {14 204 


— 1) + s(s+ i 
2) (9 + 1) j 
So that in general for bw <A, : 
Hy + Hy= um 41 g(G+ Lise l)+s(s+ »)} 
a 25 G+ 1) 
+ 3A{9 (9 + 1) -—10 + 1)— 8 (8+ I}, 
agreeing with the Landé formulae for the g and y values. 
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127. Calculation of the fine structure due to relativity 
and spin. 


We have to calculate 


= Ze? hy? /1 
 Qm92c? (5) (=) 


and #,=— Se a {i 24 27? EH, é@ *) + aret(d It 
or we have to find ay ea e : 


We first use the theorem that for a Coulomb field 
T = —4V, where 7, V are the kinetic and potential 
energies. For if V is homogeneous of degree n in the 


coordinates q, 


nV = Xq oa 


d OH er 
But 7 =pq= Na  ( Caneel 
and if He Tay = pEze +V(q), 


d OV ” 
din Pd = z(- Hem iba 


Taking the time mean, 27’= nV. For the Coulomb 
field n = — 1 so that 27 = — V. 

2 

5 _ 24 _ of oF, and Ey = ed 


(2) 2RhoL 


ne 
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Also the Pauli-Dirac Hamiltonian is (§ 83) 


1 1 h? Ze 
meas Pee 2 —s 7 eae Pe | pe ee ae 
Hem 2M | aT @ nas) hs 


ne Cet.) A a i Ze? 
so that b= —F = a (Ps - yan) - Gr 
Therefore by a time mean, 
ae 17 Se 
Vee ee) atavateteletsiota(eraie) (2). 
Also mr = po. 
Po _ 
mort eae ae (3) 


Introduce the angle variable w corresponding to J 


(= nh). 
Aon Fase: 0H, = 27 OH, “ 47 RcZ? 
Then 6= 27w= an aT sa Sp ns 


Hence since? , = = (1+ 4), we have from (3) 


(2) _ 2am, 4nRcZ*? 822m, RcZ? r 
ry h(it+4) n® hi +$)n8 ( 
But from (2), 


32m,2e? 7* RcZ? : 
Se Ry: using (4),...(5). 


i= opie (om) () 
2My2c? \2ar) \r8 
_ 4 HAAR 
~ chn®l (1+ 4) (04 1) 
ne Ca? Z 
— nL + 4) (0+ 1)’ 
* From Pauli’s paper on hydrogen, I.c. p. 127. 
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where C = Rech, R being the Rydberg constant, | 


272m, e* 2 
“= 109677, and «= 2" 


he * 
the fine structure constant (cf. § 35). 


. B= GG+ 1+ )—s@+D 


_ CaPZt g(G+1)-104+1)—s(s+)) 
Ed + 4)(+ 1) 


yee 
Again 
Hy ees, E.2 oxen. (= Pye 
paw 2mae eae pegs? a: . (a) 
a 1 RhcZ?? RhcZ? 2RhcZ 
Me ae ( ; ) — 2Ze?. : 
MC n n? ne? 
872m, RceZ? 
24 0 
+ mere a 
el (Aas 2 4h?R2c?Z4 
2m, c* n* ) ni (L + $) 
Cares ( 3 1 
oe 4n I+ 1) ; 


Hence the energy of an (n, j, /) state is 
CZ? a Ca?Z* {3 (j+1)—104 1)—s(st+ | 
iO n® 21 (1+ 4) (7+ 1) 
i Ca?Z4 ( 3 1 ) 
mn? \4n 1+ 4/° 
This result is that used in § 35 to clear up the riddle of 
the X-ray doublets. 


128. The relation of the spinning electron to Schrédinger’s 
wave mechanics. 

Pauli? has recently done some work on the application 
of quantum mechanics to the spinning electron, which is 
now being extended by Jordan so as to include relativity. 


1 W. Pavti (to appear shortly). 
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Pauli’s theory consists in finding matrices or operators 
to represent the components of the spin angular mo- 
mentum, s,, 8,, 8,, Which must satisfy the usual relations 
[SzSy] = 8,, ete. 

The matrices 


A Ves Be teen Pee 
ai oe 7, a)? °! ide 0 ae 


for instance satisfy these relations. 

If now the wave function % is regarded as having two 
components #,, #, one can give a meaning to any function 
of s,, 8,, 8, operating upon %. For example, to evaluate 
Si, we have 


(Sein = 80 (11) fa + 85 (12) he = Onda + 2 ta, 


Sy = 


(5eP)a = 85 (21) ty + 8 (22) hy = — ey + 0-H. 


In this way the Schrédinger equation (H — EL) % = 0, 
where # is an operator including s,, s,, s, as well as q and 


ms can be interpreted as two simultaneous differential 
equations in y¥, and %,, which can be solved. In this way! 
the spin can be taken into the Schrédinger scheme. 

Darwin? has also worked out the motion of a spinning 
electron moving in a central orbit in a magnetic field 
by the use of wave mechanics and spherical harmonics. 
The wave equation is generalised by supposing the electron- 
magnet to be represented by polarised waves. Jordan? 
has recently shown that the polarisation properties of 
a light quantum are formally equivalent to Pauli’s theory 
of the electron-magnet. 


} PavuLi’s paper has since appeared in the Zs. f. Phys. 43, p. 601 
1927. 


2 C. G. Darwin, Proc. Roy. Soc. A. 115, p. 1, 1927 and 116, p. 227, 
1927. 


3 P. JonDAN, Zs. f. Phys. 44, p. 292, 1927. 
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CHAPTER XXVI 


HEISENBERG’S RESONANCE THEORY 
OF THE ORTHO AND PARA HELIUM 
SPECTRA 


129. The spectrum of neutral helium. 

It is well known that the spectral terms of helium can 
be divided into two sets such that no term of the one 
will combine with a term of the other to produce a spectral 
line. Both sets are approximately like hydrogen terms. 

One set by its transitions gives the ‘para helium’ lines 
and consists of singulet terms and to it belongs the 
‘normal state’ 1s; the other set gives the ‘ortho helium’ 
lines and (apart from the singulet terms) consists of very 
narrow doublets (theory suggests that these are probably 
triplets). The energies of the ortho terms are slightly 
higher than those of the corresponding para terms. 

On account of these two sets of lines, helium had been 
thought to be a mixture of two gases, para and ortho 
helium. 

Many attempts! were made to give the theory of these 
spectra on the earlier quantum theory, both for normal 
and excited helium, but all failed to give results even in 
tolerable agreement with experiment. 

The obvious failure of the classical mechanics and 
the correspondence principle to solve the problem of a 
nucleus with two outer electrons was one of the factors 
which compelled Heisenberg to seek for a new quantum 


1 N. Bour, Phil. Mag. 26, p. 476, 1913. A. Lanph, Phys. Zs. 20, 
p- 228, 1919. H. A. Krammrs, Zs. f. Phys. 13, p. 312, 1923. J. H. 
VAN VLECK, Phys. Rev. 21, p. 372, 1923. M. Born and W,. H&IsENBERG, 
Zs. £. Phys. 26, p. 216, 1924. 
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mechanics of discontinuous processes to replace the older 
theory. 

Heisenberg has in a recent paper? given the clue to the 
ortho-para separation, which consists in a ‘resonance’ 
phenomenon, and in a second paper? has found numerical 
results which give in a rough degree a quantitative account 
of the He spectrum. The series used in the perturbation 
theory converge sufficiently rapidly for the first approxi- 
mation used to give the highly excited d, b terms reason- 
ably well; but the p terms are given less exactly and the 
s terms hardly at all. For more exact calculations, finer 
methods of approximation will have to be found which 
will give rapidly converging series, such as were used by 
Kramers in the earlier quantum theory of the helium atom. 


130. Heisenberg’s resonance theory of the ortho and para 
heliwm terms. 

The simplest many-body problem is a system of two 
coupled oscillators. This problem possesses all the charac- 
teristic properties of the quantum theory many-body 
problem and results can be obtained from it which clear 
up the theory of the spectra. 

It is characteristic of atomic systems that the electrons 
which compose them are equal and are subject on the 
whole to the same forces; for He each electron is subject 
to the same action on the whole, and the coupling is due 
to the Coulomb field between them. 

Heisenberg therefore considers two exactly equal oscil- 
lators of frequency v whose total Hamiltonian H 

1 ‘ 

= om Pt - $ (2arv)?qy? + 5 Pe oT 3 (27rv)? qo? + AGi Qe, 
where the term Aq,q, is the interaction or coupling energy 
of the oscillators. When the system is reduced to its 


} W. Hetsensera, Zs. f. Phys. 38, p. 411, 1926. 
* W. HeIsensBerG, Zs. f. Phys. 39, p. 499, 1926. 
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principal coordinates Q,, Q. by the usual methods of 
dynamics, it is found that 


Q1= 5 (1+ 4) and Q,= 7 (1 — 2)> 


and that if P,, P, are the corresponding momenta, H be- 
comes 


5 P+ ‘ (2rvy)? Qy? + se Pi? + > (2zrv2)?Q,?, 
where Vive ange 
H is now the sum of two oscillator energies which re- 
present the two principal vibrations of the coupled 
systems. 

If Q, is excited, then Q, = 0 and q, = q, so that the 
two particles vibrate in the same phase; if Q, is excited, 
Q,= 0 and g,=— q@, so that the particles vibrate in 
opposite phase. 

The energies of the stationary states of the whole 
system are given by 

Fyyng = Vale (M% + $) + veh (m+ 3), (§ 57). 

The correspondence principle is now 
used to determine the possible transitions 
between the different terms H,,,,,. (The 
notation 20, for example, of the figure 
means a term for which n, = 2,”,= 9.) e 

If for simplicity we regard the particles 30 2 


! 
\ 
t 
) 
40 


@4 --- 


ie) 
nN 
aes 


as point charges, the dipole moment is i 

(except for a constant factor) 9, + 4%. is 

Thus only Q, has an electric moment, eo Be 4 
and since Q, is of the form e"™!, that weary 03 
is a Fourier series L,e2""%* with only 19 i. 

the term 7= 1, transitions can occur Wet Gs 


only where the corresponding quantum e 01 
number n, changes by unity. Thus to 00 
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this approximation transitions can only occur between 
successive terms of the figure which lie in the same 
vertical line. ; 

But the dipole moment only gives the radiation to a 
first approximation; quadripoles and higher poles (arising 
from collision processes) give rise to terms in the radiation 
of a lower order of magnitude. These terms are given by 
symmetric functions of the second, third and higher orders 
in 4, 9 and their differential coefficients. A term of such 
a symmetric function, say of only q,, g., would be 


G1" 92° + 2" N° 


ie & a = (% = = i (% "a = (% + ey’ 
V2 V2 V2 V2 
and would only contain even powers of Q,. 

Since Q, is of the form e?7*2', such a symmetric function 
can only contain the v, frequency in terms of the form 
e@rirst)2" where 7 is an integer, so that the corresponding 
quantum number 7, can only change by 27, that is by 
an even number. 

Therefore transitions can only occur between terms 
within the system @ or between terms within the system 
+, but not between a term of the system @ and a term of 
the system +. 

Thus this system of equal coupled oscillators has the 
fundamental property of non-combination of two sets 
of terms possessed by the ortho and para terms of 
helium. 

Having discovered this clue to the solution of the 
helium problem, Heisenberg points out that all these 
terms are energy levels, and that a sound scheme of 
quantum mechanics should be able to show that the 
amplitude of the transition from a @ term to a + term is 


zero. He then proceeds to prove this in the following 
manner, 
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131. Resonance in quantum mechanics. 

He considers two exactly similar systems a, 6 which 
are coupled by an interaction energy H symmetrical in 
the coordinates of both systems. The energies of their 
stationary states (alone) are H,,*, H,” say. The total 
energy, when uncoupled, is Hing =H,,* + H,° corresponding 
to a stationary state (mn), whose quantum numbers are 
m, n. Since the systems are identical, H,,* = H,,? and 
i © = 1? so that A, = Linas 

Further H,,* — H,? = H,,® — H,°, which means that the 
system a in passing from the state m to the state m is 
emitting just the frequency to be absorbed by b to cause 
it to pass from the state n to the state m. This is resonance 
as understood in quantum mechanics. Resonance can only 
occur if the systems are in different energy states, one in 
the state m, the other in the state n, a consideration which 
does not enter into the classical theory of resonance. 
Resonance in quantum mechanics is essentially different 
from resonance in the classical theory; it is this difference, 
which cannot be bridged by correspondence principle 
methods, which accounts for the failure of the earlier 
attempts to solve the helium problem. 

The above system (a and b uncoupled) is degenerate, 
for since Him = Hum, every energy level is duplicated, 
except the one for which n = m. 

The coupling action of energy H however removes this 
degeneracy. Treating this as a perturbation and_ using 
the theory of § 63, we first find the mean value H of H 
for the undisturbed system. This will however not be a 
diagonal matrix but will also contain constant terms 
corresponding to transitions in which the systems a, b 
pass from a state m, n to a state n, m in the undisturbed 
system without energy emission (since Hea ihe. Y: 

Thus the matrix for H contains only diagonal terms 
H (mn,mn) and also terms H (nm, mn). The other terms are 


zero. 
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Proceeding as in § 63, we make the transformation 
SHS-! = EH, so that H is a diagonal matrix. 
:, BS = SH. 
Then 
LH (nm, kl) S (kl, nm) = Zj,8 (nm, kl) H (kl, nm) 
or (nm, nm) S (nm, nm) = S (nm, nm) H (nm, nm) 
+ S (nm, mn) H (mn, nm); 

or writing H,,,, for H (nm, nm), we have 


Enm S (nm, nm) = S (nm, nm) H (nm, nm) 
+ S (nm, mn) H (mn, nm)...... (1). 
Again 
Lar (nm, kl) S (kl, mn) = XS (nm, kl) H (kl, mn), 
whence 
Enm S (nm,mn) = S (nm, nm) H (nm, mn) 
+ S (nm, mn) H (mn, mn)...... (2). 
On account of the symmetry of H in the coordinates 
of a and b, m 
H (nm, nm) = H (mn, mn) = 4, 
H (nm, mn) = H (mn, nm) = p, suppose, 
so that (1) and (2) become 
(Enm — A) S (nm, nm) = pS (nm, mn) 
(Enm — A) S (nm, mn) = pS (nm, ce 
2h... 
So (Emn — A) S (mn, mn) = p S (mn, nm) 
(Eimn — A) S (mn, nm) = pS (mn, et 
~ (a A) = pe. 
Thus En, Lym are the roots of the quadratic 
(EZ — 2d)? = p?, in B. 
Therefore we write Hi, = A+ wand Hn, = A— p. 
Therefore from (3) and (4), 
S(nm,nm)= 8S (nm, mn) = 0 
S (mn, mn) = — S (mn, nm) = a suppose, ...(5). 
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Normalising S by SS* = 1, we have . 
Da (nm, kl) 8* (kl, nm) = 1 
LS (mn, kl) S* (kl, mn) = 1)’ 
or LS (nm, kl) S* (nm, kl) = ih 
Zw (mn, kl) S* (mn, kl) = 
or S (nm, mn) S* (nm, mn) + S (nm, nm) S* (nm, nm) = 1 
S (mn, mn) S* (mn, mn) + S (mn, nm) S* (mn, nm) = 1 
~ 206" = : 
. |OP= re, 29 


and taking the Lace into the time factor as usual, we have 


1 
vat V2 
Thus the transformation matrix S is wa by 


S(nm,nm)= 8S (nm, mn) = v3 


S (mn, mn) = — S (mn, nm) = 


7 
eS Pee 3° 
En = H (nm, nm) — H (nm, mn) " e i | 
61 
Thus the coupling makes £,,,, dif- tO Rey 
ferent from E,,, and the separation + 
Es, e at @ 24 
Enm — Emn = 2H (nm, mn)...(8). > 15 42 
The figure shows the term spectrum 9 + e ae 
for the coupled systems where for ex- Ut es 
ample 42 denotes a term for which the e i * 
energy is Ey), (n = 4, m = 2). 4 13 
It will now be shown that no term 21 ct 


of the set @ can combine with any 3 
term of the set +. n 
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This is effected by using the new mechanics to calculate 
the amplitude of the radiation due to a transition from a 
state @ to a state + and proving the amplitude to be zero. 


132. Calculation of the amplitudes. 

Let the radiation be given by a function f of the co- 
ordinates p, q of the uncoupled system, so that fam = fmn- 

For the coupled system the radiation is given by 
f’ = SfS-1, (§ 60) so that f’ = SfS*, since SS* = 1. 
-. ff’ (mm, mnq) =2 S (nym, kl) f (kl, rs) S* (rs, mnz) 


= XS (n,m, kl) f (kl, rs) S* (mng, 78) 
= 8 (nym, nym) {f (nym, Mn) S* (mn, MNz) 
+ f (mm, nym) S* (mng, NM)} 
+S (nym, mn,) {f (mnz, MN) S* (mng, MNg) 
+ f (mn,, n,m) S* (mng, nym)}; 
using the only possible values of &, J, r, s for which the 
matrix components of S or S* are not zero. 
Jf! (mm, mnz) = ${f (nym, MN) — f (nym, N_M) 
+ f (mn,, mn) —f (mn, N,M)}, using (6), § 131. 
But since *f,.,, = aca: 
f (nym, mn) = f (mn,, Nm) 
and f (nym, n,m) = f (mn, mng), 
so that F (eaann,) =: Oia cee eens (1). 
Thus the amplitude of a transition from the state (n,m) 
to the state (mn) is zero; in other words the corresponding 
line is not observed. Thus for example no transitions can 
occur between any one of the states 21, 31, 41,... and 
any one of the states 12, 13, 14,.... ° 
In the same way, 
Soman) = 0, ier eee. (2), 


Ff’ (nym, nym) = f (nym, Nm) + f (nym, mny) 
f’ (nm, nm) = f (nm,, nm) — f (nm, Si ---(3), 


, 
‘ 
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and also f’ (nym, mm) = V2f (nym, mm) +........(4), 
PEAT ye TILT) mea aay vision gs x's Sosast ovign tay ve (5). 


The results (1), (2) and (5) show that no transitions can 
occur between any one of the @ terms and any one of 
the + terms of the figure of § 131. 

The line intensities within each term system @ or + are 
on account of (3) to a first approximation the same as 
those of the corresponding terms of the uncoupled system, 
since to a first approximation f (n,m, mn.) = 0, from (1). 

But from (4) 

| f’ (nym, mm) |? = 2 | f (nym, mm) We 
so that the intensity (measured by | f hee: 67) of a line 
such as that due to the terms 41—> 11 is twice as great 
as for the uncoupled system. 


133. Application to the helium spectrum. 

If in the helium problem,. we assume the two electrons 
moving round the nucleus to be point charges (with no 
spin and consequent magnetic moment), the two term 
systems @, + are the terms of P(ara) and O(rtho) helium. 
Transitions between the two sets of terms are not possible, 
as has been shown (equations 1, 2, 5, § 132). 

Also the 1s term is in one only of the two systems and 
the theory shows (equations 3, 4, § 132), that it lies in the 
system (P) whose terms are of higher energy than the 
corresponding terms of the other system (0). 

The theory shows that the intensities of the P- and 
O-lines are equal to those of the corresponding hydrogen 
lines, but that the P-lines which involve transitions to 
the term 1s are approximately twice as intense as for 
hydrogen. 

The separation of a pair of corresponding P- and O- 
lines is 2H (nm, mn), by equation (8), § 131, the H being 
the coupling energy due to the Coulomb forces between 
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the electrons. The separation is due to nm changing to 
mn so that the two electrons are continually changing 
places and in this way maintain the P-O separation. 

Thus the facts stated in § 130 are accounted for by this 
theory of §§ 131-2. 

Wigner! has applied the Schrédinger volume density 
theory, § 103, to the case of a nucleus with three electrons, 
and Heisenberg? using the theory of groups has developed 
his resonance theory for the multiplets of higher atoms and 
the band spectra of molecules. 

The theory of groups is destined to play an important 
part in the theory of the higher atoms, as is apparent from 
the work of Heisenberg, Wigner, and Hund. 

1 EH. Wiener, Zs. f. Phys. 40, pp. 492 and 883, 1926. 


2 W. HetsenBere, Zs. f. Phys. 41, p. 239, 1926. 
3 F. Hunn, Zs. f. Phys. 43, p. 788, 1927. 


CHAPTER XXVII 


THE EFFECT OF THE SPIN OF THE ELEC- 
TRONS UPON THE HELIUM SPECTRUM; 
THE CALCULATIONS OF HEISENBERG 
FOR HELIUM; SYMMETRIC AND ANTI- 
SYMMETRIC EIGENFUNCTIONS 


134. Application of Schrédinger’s eigenfunctions to show 
the non-combination of O- and P-terms. 

For the original system a let %,,7 be the eigenfunction 
corresponding to the energy H,,*, and for 6 let %,° be that 
corresponding to H,’. Suppose both eigenfunctions nor- 
malised. 

Tn order to find a matrix element x (n,n2) of a coordinate 
x of the a system, we have 


OYE [oc-Bayt rj dq (§ 102) ..s.seee (1). 


For the uncoupled pair a, b, the energy is H,,* + H,? 
and therefore the corresponding eigenfunction ¥,,"%,°. 

The eigenfunctions for the coupled system which corre- 
spond to Bym and Linn (§ 181) are derived from those of 
the uncoupled system by a linear transformation with the 
matrix S; to H,,, corresponds the eigenfunction 


1 
/2 (fm ob," ate pn” Wire) 
and to En corresponds the eigenfunction 
1 ; 
/2 (Lm Bn? = a7 bn” Pm). 


Hence by (1) above 
x (nm, mn) 


1 b a b i a bye a b 
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If x is a magnitude, such as the radiation from the atom, 
which is symmetrical in a and 6, the right-hand side is 
symmetrical in a, b and is unaffected by interchange of 
a, b. But clearly it changes sign if a, b are interchanged. 
Therefore it must be zero. 


135. The effect of the spin of the electrons. 

The result just found is our new undisturbed problem; 
we have now to find the perturbing effect of the spin of 
the electrons. 

In the undisturbed problem there are two sets of terms, 
one set having eigenfunctions 


I b a b 


which are symmetric (i.e. unaltered by interchange of 
a and b), the other set having eigenfunctions 


1 pets a b 


which are antisymmetric (i.e. change sign if a and 6 are 
interchanged). 

Also terms of the one set will not combine with terms 
of the other. Since the forces on the two electron-magnets 
are the same, they place themselves so as to be parallel 
or antiparallel, so that the usual quantum number m 
associated with their orientation in space must be + $ 
(for | m|<s, where s = 3); we have as the possibilities 
for the two electrons in the undisturbed problem the 
table on p. 227. 

In @ and 6 the quantising of m fixes m, and m,, since 
each = 4m. But it is not so for B and y, since m = 0 leads 
to two possibilities and in this case there arises the re- 
sonance degeneracy of § 131. 


+ W. HursenBere, Zs. f. Phys. 39, p. 511, 1926, and Zs. f. Phys. 
40, pp. 252-5, 1927. 
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My M, |\mM=Mm+M, 
1 1 
5 3 1 a 
1 1 
Fs 0 p 
1 UL 

aay 2 : y 
1 ] 

pl ieee a e 


The states a, 5 correspond to states of the (mm) type of 
§ 131 and the states B, y to states of the (mm) type. 

The effect of the perturbation is to produce four new 
states a’, f’, y’, 8’ of which a’, 5’ are represented by 
symmetric eigenfunctions (since m, = mz, for each of a, 5). 
But £’, y’ are represented, one (f’ suppose) by a sym- 
metric eigenfunction, and the other, y’, by an antisym- 
metric one, as the theory of resonance degeneracy requires 
(§ 134). 

Thus associated with each of the two original eigen- 


functions 1 7 ; 
vg bm Lr aH Ln a) 
which is symmetric, and 
1 
Bees a,f, 6 _ a i) 
Ta en hn Pn Pr’) 


which is antisymmetric, are four new eigenfunctions of 
which three are symmetric and one antisymmetric. The 
final eigenfunctions which represent the perturbed states 
are the products of each of the original ones into each of 
the four new ones arising from the spin of the electrons. 
Thus the original symmetric eigenfunction (P-term) is 
resolved into three symmetric and one antisymmetric 
eigenfunctions, while the original antisymmetric eigen- 
15-2 


---0 
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function (O-term) is resolved into three antisymmetric 
and one symmetric eigenfunctions. 

From § 134, terms @ corresponding to antisymmetrical 
eigenfunctions cannot combine with terms + corresponding 
to symmetrical ones. 

Hence the scheme of the figure of § 131 now becomes: 


P fo) P O 
1 
! ! | 
a. eee 
i | | | 
| | | 
fe eee: 
ote 7 | 
e 
+ 1 
ot, fine ot, e 
+ e + 
e+ 
aye 
= 
°"+ so Fig. 1 


Weak transitions of the order of the spin perturbation 
are now possible between P- and O-terms, as each contains 
both @’s and +’s. Either the @ system or the + system 
is a complete solution of the actual problem; so that we 
may have either 


O P Oo P O Ee @) 
Fea: ; her! i 
ous 
@ aR 
° % e Ae + 1 + 
‘s > or Rs + 
. + 
‘4 s e é + “ + 4 
ry 
° + a 
: ue 
e Fig. 2. Hy Fig. 3 


as representing the helium terms, 
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The former makes the P-terms singulets and the O-terms 
triplets; the latter the P-terms triplets and the O-terms 
singulets. 

The choice between the two is settled by the Pauli 
verbot (§ 22), by which no two electrons can be in the 
same quantum state. This means that only antisymmetric 
eigenfunctions can represent a quantum state. For example 
the antisymmetric function used above 


a's a,}, b __ a b 

Ve (bm? Pn” — Yn? Ym’) 
vanishes if the electrons a, 6 have the same quantum 
state, in which case n = m; so that the existence of anti- 
symmetric eigenfunctions implies the Pauli verbot. 


Finally therefore Fig. 2 represents the solution, with 
singulets for the P-terms and triplets for the O-terms. 


136. The calculations for helium and li+. 

The older theories supposed one electron to be moving 
under the action of a nuclear charge Ze and the other 
electron on account of ‘screening’ (indicated by the 
K-lines) under the action of an effective nuclear charge 
(Z—1)e (the ‘screening’ constant o, of §27 is approxi- 
mately 1). 

But the essence of the resonance theory of Heisenberg 
is that the doings of each electron should be the same. 
He therefore supposes as his model an arrangement which 
near the nucleus will make either electron move under Ze 
and when far away move under (Z— 1)e. The model 
consists of a nucleus surrounded by a shell of radius 75 


with a charge — e spread over it, so that the potential 
27, 2 
energy of either electron outside the shell is — “s + -, 
ey ; : el 6 
but when it dives into the shell is — ot + 73 OF 
0 
2 2 
— i + constant, r<7),and — _ (Z—1),r> 7%. 


See also W. HutsenBere, Zs. f. Phys. 41, p. 239, 1927. 
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By the use of this model, his resonance theory and 
Schrédinger’s eigenfunctions as normalised for hydrogen 
by Waller1, he obtains numerical results? which have the 
agreement with experiment already described (§ 129). 


137. Symmetric and antisymmetric eigenfunctions (Dirac?- 
Heisenberg*). 

Dirac considers an atom with two electrons a, b and 
denotes by (mn) that state of the atom in which a is in 
an orbit numbered m, and 6 in an orbit n. The states (mn) 
and (nm) are physically the same, since they differ only 
in the interchange of the two electrons. In order to pre- 
serve the feature of the matrices that they contain only 
experimentally observable magnitudes, the transitions 
mn>mn’, nm>mn’, mn—nm, nm>n'm must 
correspond to one term of the matrix, since they are 
physically indistinguishable. 

But the symmetry between a, b requires that the ampli- 
tude of the transition mn + m’n’ of 2,, a coordinate of the 
electron a, shall be equal to that for the transition 
nm—->n’'m’ of x, the corresponding coordinate of the 
electron 6, so that 

XL, (mn, M’'N’) = 2% (nm, n’m’). 
But if mn and nm both define the same row and column 
of the matrix, as supposed above, then we have the matrix 
equation x7, = Zp. 

This only means that x, and x, cannot be represented 
by matrices of the above type; and the same would hold 
for any unsymmetrical function of x,, x,. Hence we must 
conclude that only symmetrical functions of the coordinates 
of the two electrons can be represented by matrices, as, 
for example, the total polarisation of the atom. 


1 |. Watumr, Zs. f. Phys. 38, p. 635, 1926. 

2 W. Hetsensere, Zs. f. Phys. 39, p. 503, 1926. 

3 P. A. M. Drrac, Proc. Roy. Soc. A. 112, p. 661, 1926. 
4 W. HeIsEnserG, Zs. f. Phys. 39, p. 499, 1926. 
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Now let %,,¢ be the eigenfunction for a in the state m 
and z,,° be that for b in the state n. Neglecting coupling, 
the % for the whole atom is #,,7%,". 

So for a in the state n, and 6 in the state m, b = 4,74". 

We have thus two separate eigenfunctions for the states 
(mn), (nm), which would if used separately give a row 
and column in the matrices corresponding to (mn), and 
another row and column corresponding to (nm). If we are 
to have only one row and column corresponding to (mn) 
and (nm), we must limit the eigenfunctions made use of 
to the set thinn =OmnPm@ Pre + BinnPmefn®?, Where Ons poe 
are constants. 

This set must suffice to determine the matrix repre- 
senting any symmetric function f of the coordinates of 
the two electrons. But the component f (mn, m’n’) of the 
matrix representing f is given by 


F(mn, mn’) = [dq-f-Tmniinrw ($102) 


and the f’s, being symmetric, are unaffected by inter- 
change of a and b. Hence Jinn, Pmnr Must either be un- 
affected by interchange of a and 6, or else both change 
sign, if the above equation is to hold. 

In the former case, 


so that Cee Pina: 
So in the latter case, @mn = — Pmn- 


Hence the necessary eigenfunctions are either symmetric 
of the type Pnttn® + Ln? Yn? or antisymmetric of the type 
Pmt Dre — Pm? pn? Thus symmetric eigenfunctions alone, or 
antisymmetric ones alone, suffice to give the matrices, and 
so give a complete solution of the problem. 

These results are evidently general. For 7 electrons 
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(a1 ,@.,...a,) the antisymmetric 
written as a determinant 


aA As 
NM? Ny? 
ee ie 


eee eee ee neers esene 


and the symmetric ones written as a permanent, to use 
MacMahon’s term!, which is the determinant with all its 


signs positive. 


If the electrons are coupled, there will still be symmetric 
and antisymmetric eigenfunctions, as has been seen (§ 135). 

From (1), an antisymmetric eigenfunction vanishes if 
say a, = 4,, that.is if two electrons are in the same orbit, 
for then two columns of the determinant become the same. 
This means that in the solution of the problem with anti- 
symmetric eigenfunctions, there can be no stationary states 
with more than one electron in the same orbit, which is 


just the Pauli verbot (§ 22). 


The solution with symmetric eigenfunctions, however, 
allows any number of electrons to be in the same orbit, 
and this leads to the Bose-Einstein statistics (§ 139). This 
must be the correct one for light quanta, for the Bose 


eigenfunctions may be 


bn 


eee ewer eeserece 


scheme leads to Planck’s law of black body radiation. 


1 P. A. MacManon, Trans. Camb. Phil. Soc. 23, p. 122, 1924. 
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CHAPTER XXVIII 


THE NEW STATISTICS OF GASES AND 

RADIATION; THE BOSE STATISTICS 

FOR LIGHT QUANTA; THE EINSTEIN 
THEORY OF AN IDEAL GAS 


138. The new statistics of gases and radiation. 

We use the idea of de Broglie that with the motion of 
every atom is associated the propagation of a certain wave. 
The enclosure containing the gas or radiation thus contains 
waves of all frequencies. An atom may be either an atom 
of a gas (of mass m, with its de Broglie wave) or an atom 
of light or light quantum (of mass zero with only the 
de Broglie wave). 


139. The Bose-Einstein statistics. 

The new statistics of Bose! for light quanta and of 
Einstein? for a gas can thus be included in one theory, 
given by de Broglie® as follows. 

Let A,, NV, be the number of cells and atoms associated 
with the energy range H, to H,+ dH,; A,, N, are both 
large, but the number of atoms per cell may be any 
number, 0, 1, 2, 3, etc. 

The number of possible partitions of the atoms into the 
cells is given by the formula used by Planck? in his earliest 
theory of the black body spectrum, namely 

(4, +N)! 
AEN Lie 
1 §, N. Boss, Zs. f. Phys. 27, p. 384, 1924. 
2 A. EINSTEIN, Sitzungsber. der Preuss. Akad. p. 261, 1924; p. 3, 1925. 
3 L. pg Broctie, ‘Ondes et mouvements,’ chap. xu, Gauthier- 


Villars, Paris, 1926. 
4 Q.T.A. § 9. 
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Thus the total number of microscopic states of the gas is 


The entropy 
S = klog W 
= kd, {log (A, + N,)! — log A,! — log N,}}. 


Using Stirling’s theorem that n!= V 277 (5) for large 


numbers, so that log! is effectively n logn —n, for 
large n, 


S = kX, {(A, + N,) log (A, + N,) — A; log A, — N, log N,} 


The entropy S must be a maximum for small variations 
dN, which leave the total number of molecules N (= &,N,) 
and the total energy (= 2#,N,) unaltered. ‘ 

In the usual manner, we have 


0 = &, {log (A, + N,) — log N,} 6N,, 
with 0=%,0N, 
0= 4, H,5N,. 
Hence using undetermined multipliers, 
log (A, + N,) — log N,+ A+ pH, = 0, 
where A, » are constants. 


: A,+ io et thks 
cC —“\ 5 


where a, 8 are constants, which can be found from the 
conditions N = %,N,, H=2,H,N,. 


Ao _ tel y 


or No = 
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The entropy then reduces to 
S = kd, {((A, + N,) log (N,e***”) — N, log N, — A, log A;} 
= kX, {A, (log Ne log A,) a (A, tr N;) (a+ BE.)} 
meee A lop (et 1) 474, log (es) 
+N,(a+ BE,)} 

= kX, {N, (a + BH.) — A, log (1 — c= ?%)} 
= k{Na+ HB — =,A, log (1 — e728 "s)}. 
To connect B with the temperature 7’, we have 

1 dS oS osdp 

T dh 0B 0p dE 

d d A,E, 
=kB+ spas bog 3H, 7 


= hB+kE ae _ 428 sn. B., using (2) 


dH 
= Kp. ; 1 
. B= 77: 
Es 
S=kNa+ 7m kx, A, log (1 — e-* #7) ...(3) 
and i ——= Pei Atr eee (4). 
erkrT — 1 


Equations (3), (4) are those of Hinstein for an ideal gas. 

If the atoms are atoms of radiation (light quanta) and 
the radiation is in equilibrium with a black body, the 
conditions are those of a gas in contact with its liquid 
phase, that is, the total number of atoms in the light- 
quantum gas is not fixed and the condition &,N,=N 
~ must be omitted. This means that in the theory just given 
the constant « will not appear. We then have 


which is the formula of Bose for light quanta, which 
suggested to Einstein his theory of an ideal gas. 
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140. Bose’s theory for a gas of light quanta (radiation). 

It remains to find A,, the number of cells in the g-space 
associated with energy Z,. 

For a light quantum, H,=hv,, where v, is the fre- 
quency; the corresponding momentum is hy,/c, in the 
direction of its motion (§ 115); its state is specified by the 
coordinates x, y, z and momenta p,, Dy, Dz. 

The q-space is six-dimensional and the phase point 
lies on 
hay? 


C2 


Pa® + Py? + pe? = 


To a frequency range dy, belongs a portion of the phase 
space equal to 


| | {Il | dxdydzdp,dp,dp, = V | | | dp,dp,dp,, 


where V is the volume of the enclosure containing the 
radiation, 


=r {volume between two spheres of radii 


hy, and h (Vs Gs oe} 
C Cc 


= ven ta (%) 


Bo2 
hv? dv, 


? 


on account of (1), 


= 47V 


Dividing up the phase space into ‘cells’ of volume h3 
after the manner of Planck, the number of cells corre- 
sponding to a frequency range dy, is 


47Vv,?dv, 
ner eee CEE (2). 


Light quanta however differ from gas molecules in that 
they are not isotropic, on account of their polarisation. 
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The electric vector of the quantum is always at right 
angles to its motion, but its orientation round it may be 
anything. If we suppose n atoms of light polarised in a 
given plane, there must be n atoms polarised in a perpen- 
dicular plane; and this is true for all planes on account 
of the isotropic character of the black body radiation. 
Thus N light-quanta are like 2N gas molecules. To allow 
for this we double the number of cells and treat the quanta 
like gas molecules. Therefore, allowing for the polarisation, 
the number of cells 


- HD, NE, 


i | 


= 2.( ae ye using (5), § 139, 


82 Vhvedv, 
hus ? 
8 (ef — 1) 


which is Planck’s formula for black body radiation. 


141. Einstein’s theory of an ideal gas. 

The number of cells A, in the g-space associated with 
energy EH, is 7 
73 | {| dp. dpy dP.» 


as before; and 


= (pa? + Py? + P.") = the kinetic energy = E,; 


" pyt+ py? + p= 2mH, = g*, suppose. 


938 THE EINSTEIN THEORY OF AN IDEAL GAS 
Then | | | dp,dp,dp, = volume between spheres of radii 


9,9 + dg = 4ng?dq. 


V QV. 8 
. A= 75.4ng?dy = ais (2m)? Hd, ...(1). 


Therefore, using (4), § 139, 


fe y,-2 
Pa tes 
3 [oo 3 
or NGS 2g (2m): | sR Seta (2) 
h® 0 ope 
e i 1 


nV so BP dE 


Also #=%,H,N,=—,- (2m) a 


The elimination of a between (2) and (3), together with the 
general formula PV = =H of statistical mechanics, where 


P is the pressure, leads to the equation of state of the gas. 
The entropy i 


S = kNe +e 2 Po, log (le eos 


Ye 
Using (1) this becomes 
E QrV eat at ag ee 
S=kNa+ 7— k= (2 m) |" H log(1 —e wr) dE...(4). 


142. The classical-quantum theory as a limiting case of 
Evnstein’s theory. 


4 Es 

If we neglect unity compared with ge RE , we obtain 

the results of the classical theory as adapted to the 

quantum theory by Planck; it will appear as we proceed 

for what physical conditions this approximation is exact 
enough. 
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a 
From (2), §141, N=c a oe , 
fee 
where c = a. (2m)? , so that N 


rc) pete ES 
=¢ Ete “ '@dH, using the above approximation... (1) 
Jo 


i) oh 
= ce- | Ete *? dH. 
0 


eo 


Since [vat e-ardg = T' (3) a? =4Vae?, 
0 


Vx (kT)* 2nV 3 
= mM )* 


se TE A (ome, 


inserting the value of c, 


so that C= ae (QrmkT)! Las... (3). 
Also from (3), § 141, 
i i _E*dE 
0 ot eZ ; 


again using the approximation ; 
foo 5. _E. 
=a COes | Bre "dk. 
Jo 
: Se Po as 3 Pb 
Since a? e~@da = 1 ($) a 2= 38Vna*, 


Det Cone V ai (EVE sens eee ccee (4). 
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The equation (4), §141, using the same approximation, 


becomes E roo pee 
s= kNa + pt ke Ete * dE 
ake 0 
ae 7 + kN, from (1). 
E 
: S =m 3E kN (a ie 1 
But from (2) and (4), 7 wl =S20, 

so that S = kN (« + 3): 


“ S= kN log trie Comey +3\: using (3), 


or S = EN log ie ( 
the formula of Planck}. 

From (3) it is found on substitution that for hydrogen 
at atmospheric pressure, e*= 6 x 104 and so is large com- 
pared with unity. Hence (3), which represents the result 
of the classical statistics as modified for the quantum 
theory by Planck, gives a good approximation. But the 
approximation fails as the density of the gas increases or 
its temperature falls, and for helium near the critical state 
the failure is considerable. 


: amb, 


a as 


143. Einstein has shown that his theory leads to entropy — 
zero as T’+ 0; and also that the specific heat of the gas — 
increases until a maximum is reached, ‘the saturation © 


point,’ and then steadily tends to zero as +0. The 


details of this are not given here, as they are given for — 
the Fermi-Dirac statistics of § 144, which probably more — 


accurately represent the ideal gas. 


1 <Warmestrahlung,’ by M. Puanck, Berlin; p. 208 (5th edition), 1923. 


CHAPTER XXIX 


THE FERMI-DIRAC THEORY OF AN IDEAL 

GAS; JORDAN’S FORMULAE FOR COLLI- 

SIONS OF LIGHT QUANTA, PROTONS AND 
ELECTRONS 


144. The Fermi'-Dirac? statistics of an ideal gas. 

Both Fermi and Dirac base their statistics on the Pauli 
verbot. 9 

Fermi generalises the Pauli rule/ that at most one atom 
with given quantum numbers can be present in a gas; 
the quantum numbers include not only those which fix 
the inner motion of the atom (those of Pauli), but also 
those fixing its translatory motion. He then considers a 
system of atoms acted upon by an elastic force to a fixed 
point (he assumes that the nature of the field does not 
affect the statistical results) so that each atom is a simple 
harmonic oscillator. The quantum numbers for an oscil- 


lating atom are 5s, 82,8; and he omits the inner quantum 


numbers, supposing the atoms to be in the ground state. 
The Pauli rule then becomes—‘there can be in the whole 
gas mixture at the most one atom with quantum numbers 
81, 85, 83. The total energy of the atom is hv (s, + 82 + 83), 
where after Heisenberg (§ 57) each s may have the values 
ses 

i Therefore the total energy of the atom is hvs, where 
$= 8,+8,+8,; an atom with energy H,=hvs is an 
‘s-atom.’ 

The value hvs can be realised in many ways; each com- 
plexion corresponds to a solution of 8, + 8; + 83 = 8, and 
this has 4 (s + 1) (s + 2) solutions, = A, suppose. 

1 EK, Ferma, Lincei Rend. 3, p. 145, 1926 and Zs. f. Phys. 36, p. 902, 


1926. 
2 Pp, A. M. Drrac, Proc. Roy. Soc. A. 112, p. 661, 1926. 
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Fermi then examines how energy £ partitions itself 
among the NV atoms. 

If NV, is the number of s-atoms, then by the Pauli rule 
N,<A,, as in the gas not more than A, s-atoms can 
appear. 

Also ZN, = IN: 


The number of arrangements of N, atoms in the A, 
places of energy shv is 


s? 


N,!(A,—WN,)!’ 
so that the probability 
! 
W-W A,! 


°N,!(A,—N,)! 
This is to be a maximum, subject to conditions (1). 
Proceeding as in § 139, we have 
log W = X, {log A,! — log N,! — log (A, — N,,) }} 
= 2%, {A, log A,— N, log N, 
a (A, ie N;) log (A, th WV )}-5.(2), 


The maximum conditions are: 


0 = 5,{— log N, + log (4, — N,)} 8, 
O= > oN; . 
0= 2%, H,6N, 

.. log(A,—N,)— log N,+A+ pH, = 0. 

se Aan: ue = eth, 
N, 
A, 


oe ert8E, 1 1° 


B can be identified with = as in § 139 (though Fermi 


proceeds differently), and we have 


Le Ce (3), 


OF AN IDEAL GAS 243 


which differs only from the Einstein formula of § 139, 
equation (4), in that there is a plus sign between the terms 
of the denominator instead of a minus sign. 

We then have finally formulae corresponding to those 
of § 141, namely 


= at 
Nm aE (omit (Hae 

0 Beier. y 
par (2m)! Hae 

0 etary : 


Fermi gives pure mathematical data which enable him 
to eliminate « for large or small values of 7’. 
For low temperatures he finds the results: 
The pressure 
1 /6\?h2n® 2? 2? mn 2 T? 
mee ms 
20 m 33 h 
The mean kinetic energy 


ey 


sis 6)? hen? 2b? male? T2 
te 40 a ) m | 33 hen? 
where n is the number of atoms per unit volume. 
Thus there is a ‘nul-point’ pressure and energy, as 
they remain finite as 7' > 0. 
Also the specific heat 
di 2 a* mk T 
SOLES aes Si 
so that c, > 0 at the nul-point and for low temperatures 


varies as 7’. 
For high temperatures he finds 


3 
p= nk? 1+ pew at 
16 (gmkT)? 


so that the pressure is greater than the classical value nkT’. 
16-2 
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Einstein found 
hen* 
p=nkT i Sy 186) ee a s 
(Qa m kT')* 


which is less than the classical value. 
Fermi also found that the entropy at high temperatures is 


g 8 
S=nk E log T — log n + log {ort |, 
which agrees with the S value of Stern and Tetrode?. 
It is evident that the Fermi-Dirac theory gives the 
classical results of Planck in the same way as the Einstein 
gas theory, since the + 1 or — 1 in XN, drops out. 


145. Durac’s theory of an ideal gas. 

Dirac has independently obtained the same results as 
Fermi without the special assumptions as to the central 
field, etc., which Fermi uses; he finds them by a general 
method depending upon the properties of Schrédinger’s 
eigenfunctions. 


The wave equation for an atom of mass m in free space is 
(H — EL) = 0, where 


1 1 Ih O\? 
H = 5 (Pa + Py" + Pr’) ( : ) +...| 


~ Im Qa Ox 
th o 
and = 57: 


It is therefore 
02 02 «2 4am O 
be tay a8 ih 5 ae 


IU 4 
Writing b= ue * se 
62 2 02 82m 
1 QO, Stern, Phys. Zs. 14, p. 629, 1913. 
H. Tetropg, Ann. der Phys. 38, p. 434 and 39, p. 255, 1912. 


OF AN IDEAL GAS 245 


The solution of this is 
u= exp 2m (a, % + ay + a32)/h, 


where ,? + Oe" + Ga" = Q2mnH. 
©. Wa,aga, = CXP Qari (a,% + Oy + ag2z — Hi)/h (1) 
where 2 + 2 + a2? = 2mH) 


This eigenfunction represents a ‘wave’ associated with 
the atom whose momentum components are ay, @, a3 and 
whose energy is HL. 

Hence as in § 141 it follows that the number of waves 
associated with atoms whose energies lie between H and 


a (2m)?H?dH, where V is the volume of the 
enclosure. (Dirac deduces this directly from the pro- 
perties of the eigenfunctions.) 

He then considers the eigenfunctions of an assembly of 
atoms between which there is supposed to be no inter- 
action. The possible eigenfunctions for the system are 
built up of products of those of the separate atoms and 
must be either a symmetric set or an antisymmetric set 
(§ 136). He makes the fundamental assumption that all 
the stationary states of the assembly (each state being 
represented by one eigenfunction) have the same a priors 
probability. 

If we use symmetric eigenfunctions, then all values for 
the number of atoms associated with a given eigenfunction 
have the same probability and this leads to the Bose- 
Einstein statistics (§ 139). 

But if we use antisymmetric eigenfunctions, then there 
is at most one atom associated with each eigenfunction 
(§ 137), which is the Pauli verbot. 

The solution with symmetric eigenfunctions must be 
the correct one for light quanta, since it is known that 
the Bose-Einstein statistics lead to Planck’s law of black 
body radiation. 

The solution with antisymmetric eigenfunctions must be 
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the correct one for electrons, since it leads to the Pauli 
verbot; it is probably the correct one for gas atoms, as 
one would expect gas atoms to resemble electrons more 
closely than light quanta. 

Dirac then proceeds to work out the gas theory on the 
assumption that the solution with antisymmetric eigen- 
functions is the correct one, so that not more than one 
atom can be associated with each eigenfunction. 

He divides the waves into a number of sets such that 
the waves in each set are associated with atoms of energy 
Eto H+dH. Let A, be the number of waves of the sth set 
and #, the corresponding kinetic energy, so that 
y bes (2m)? B3dB,. 

Then the number of antisymmetric eigenfunctions corre- 
sponding to distributions in which NV, atoms are associated 
with waves of the sth set is 


! 
‘. A,! 


"Not (an — NA) 
and this is the probability W, giving the entropy S 
(= k log W). 

The rest of the procedure is the same as that of Fermi 
(§ 144) and leads to the same results. 

The saturation phenomenon of the Einstein theory does 
not occur on this theory. The specific heat tends steadily 
to zero as 7’ + 0 and does not rise to a maximum and 
then fall in the manner described in § 144. 

A critical discussion of the present state of quantum 
theory statistics has lately been given by Fowler?. 


146. Jordan’s analysis of the new statistics. 

Jordan? has lately given an illuminating analysis of the 
Bose-Einstein and Fermi-Dirac statistics in relation to the 
thermodynamical equilibrium of cosmic matter. 


1 R. H. Fowtmr, Proc. Roy. Soc. A. 113, p. 432, 1927. 
2 P. Jorpan, Zs. f. Phys. 44, p. 711, 1927. 


——— ee 
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A formula for the thermal equilibrium concentration of 
matter had been found by Stern!, who used the idea of 
J. J. Thomson? that electrons and protons can neutralise 
one another and become radiation. Jordan proceeds to 
show how Stern’s formula can be deduced from the Bose- 
Einstein or the Fermi-Dirac theory. 


147. On the Bose-Einstein theory, if n is the mean 
number of atoms (or light quanta) per cell in the phase 
space, then the entropy per cell is 

S=klog W=k{(14+ n) log (1 + n) — n log n}, 
as is seen from equation (1), § 139. 

Jordan considers the following cases: 

(A) the ‘rest’ energy of a particle is zero (light quanta) ; 

(B) the ‘rest’ energy of a particle is positive (gas atoms) ; 
and further 

(a) the total number of particles is variable; 

(b) the total number of particles is constant. 

In the cases (a) we find the maximum of the integral 
of S for all the cells subject to the total energy being 
constant; in the cases (b) this maximum is found with 
the additional condition that the integral of n for all the 
cells is constant. 

In cases (a) we have, as in § 139, equation (5), 


1 O, Srurn, Zs. f. Elektrochem. 31, p. 448, 1925; Zs. f. phys. Chem. 
120, p. 60, 1926. 
2 J, J. THomson, Phil. Mag. 48, p. 737, 1924. 
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where « is a function of 7’ found from the condition that 
the integral of 7 is constant. 

Case (A, a) is the Bose formula for light quanta in 
equilibrium with matter and leads as has been seen (§ 140) 
to Planck’s radiation formula. 

Case (A, b) is a formula for light quanta in a reflecting 
enclosure in which there is no matter which can absorb or 
emit radiation; variations of frequency of the light quanta 
may occur through the Compton effect, but no variation 
in their total number. 

This formula would lead to a modified form of Planck’s 
formula for radiation under these conditions. 

Case (B, a) is the case of a gas in contact with its liquid 
phase. 

Case (B, b) is that of the Einstein gas theory. 


148. On the Fermi-Dirac theory, the formula for S is 
S=k{nlogn— (1 — n) log (1 — n)}, 


as is seen from equation (2), § 144; and in place of (1), (2) 
of § 147, we find 


1 
(iS <= eee Onn acct os cae (3), 
ekT 4.1 
i} 
and N= Ma (4), 
emt et 


where a@ is a different function of 7 from the a@ in (2) 
§ 147 (cf. equation (3), § 144). 

These results follow from the Pauli verbot and would 
apply to an electron gas, the former when the number of 
electrons is unlimited and the latter when the number is 
constant. The latter is the form used by Fermi and Dirac 
for an ideal gas when the number of gas molecules is 
constant. 


’ 
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149. Deduction of Stern’s formula. | 


This follows from either of the formulae n = —, : 
ekT +] 
the two schemes. Writing H = mc? + 4mv?, we have, since 


the first factor of the denominator > 1, 


of 


_z _me* _mev* 
n=e *T—e kT 2kT, the Stern result. 

150. Jordan’s application of the statistics to a system 
of electrons and protons. 

Since the total charge of the system is constant, the 
difference of the number of protons and the number of 
electrons is constant. 

Jordan constructs for the protons and for the electrons 
two cell partitions in the phase space. 

Using first the Bose-Einstein theory, we have in the 
above ee 

= k{(1+ n’) log (1+ n’) — n’ log n’}, 
= k{(1+ n”) log (1+ n") — n" log n"}, 


where 8’, n’ refer to the electrons and S”, n” to the protons. 
The total entropy, which is the sum of the integrals of 
S’ and 8” taken for all their cells, is to be a maximum, 
subject to constancy of the integrals of n’ — n” and of 
n’ EK’ ee! n" BH". 

This leads to l 


where a is the same function of J in the two expressions. 

Had we used the Fermi-Dirac theory the same formulae 
would have resulted except that + 1 would have taken the 
place of — 1 in the denominator. 
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Using a suggestion by Hund that for an electron the 
Pauli verbot, and with it the Fermi-Dirac statistics, holds, 
but that for a proton the Bose-Einstein statistics should 
be used, Jordan writes 


n= 2 a , for an electron 
ek 4 4] 
REE ah (1) 
n+ = ———, for a proton 
ee 1 


151. Jordan’s theory of the equilibrium of two gases. 

Each gas has its cell partition in the phase space. 
Consider any pair of cells of the first gas, which can 
be numbered 1 and 3. Let n,, n, be the number of 
atoms and H,, EH; the energies associated with these two 
cells. 

Consider collisions which cause a phase point of this 
gas to move from cell 1 to cell 3. Simultaneously a phase 
point of the second gas will move in its phase space from 
a cell which we will number 2 to a cell we will number 4. 
If such a collision is described as ‘direct,’ then one which 
causes a phase point of the first gas to move from cell 3 
to cell 1 and a phase point of the second gas from cell 4 
to cell 2, is described as ‘inverse.’ 

The total energy is conserved, so that 


DP Oe ae Le ei 1 ee a ee AE (1). 


The number of collisions per second between the n, 
atoms of cell 1 and the n, atoms of cell 2 is proportional 
to m,n, and of these a certain proportion an,n, are of the 
‘direct’ kind. So the number of collisions per second of 
the ‘inverse’ kind is a’n gn. 

For equilibrium 

AN, Ny = A'N3N4 
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The old statistics gave 

_ _Es 

Ny CO BT teen (Ce hE 

a8. _ i 

and N= We kT n= Ce kT 
so that (2) became 

(H+ Fe) _(#s+Fs) 

iT gle *T 


ae 


or a= a’, on account of (1). 
This is the classical result of Boltzmann. 
If however we use the Fermi-Dirac statistics, then 


1 1 
We = pa 9 a Te ie 
eonkt 1 e ’T4] 

1 1 

or pee mrs wee 
CPE ae ee eo heat 
Fii+He 


ata’+—— 
) = 3 kT 


Therefore (= = 1) (- aoa 
Ny Neo, 
Es+Ea 


and. (- = 1) ‘= ae 1) OD 
Ng NM 

Since HL, + E, = EH; + Hy, it follows that 

1 


es cee Gan) Gaee) 
Using this and (2), we have 


a MN, (1—%) (1 — ,) 
@ MgM (1 — mz) (1 — M%) ; 


Therefore we write 
a= A (1—‘s) (1 — ™%) 


and a’ = A(1—,) (1— n,), 
where in the former A is independent of n,n, and in the 
latter of 3, %4, So that A is independent of the n’s. 

Thus the number of direct collisions per second is 


AN, Ny = An, Nz (1 — Ns) (1 — 1%), 
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and of the inverse 
Ansmq (1 — 4) (1 — 19). 


= tle 
(n,, n, refer to atoms before, n3, m, to atoms after “direct 


collision.) This is readily generalised for more than two 
gases. 


152. Extension to the case of a gas and radiation. 

This is the case of two gases, where one is an ideal gas 
and the other a light quantum gas. 

For the ideal gas (supposed to be the first gas of the 
preceding article) we use the Fermi-Dirac statistics and 


write 1 1 
ae ee 
eo RE 4. l en kr a 1 


For the radiation (light quantum gas) we use the Bose 
statistics and write 


1 1 
"Eaee ae 


ekT _ | ekT _ ] 


Nz = 


From these it follows in the same way as before that 


=) +(e 
Ny Ng Ng NM 
and the number of ‘direct’ collisions per second is 


An,Nz (1 — ms) (1 + 4) 
and inversely 
Ang, (1 — m4) (1 + Mg). 


E 
For a material gas e' FT ig large, so that n, and n, are 
small compared with unity. ‘ 
The first of these results then becomes 


Anny (1 + 1). 


1 1 
Ea ac hv ? 
ekT _] @kT _] 


But No —— 
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where vy is the frequency of the quantum before the 
collision, and 1 1 
ie Baty a aaa 
eT 1 ekT 1 


where v’ is the frequency after the collision. 
Therefore the probability of the ‘direct’ collision is 
Any Nz (1 + M%) 
hw" 
okt 
Liven 2 
(ek? — 1) (&F —1) 
which agrees with the formula of Pauli’. 
Thus the probability of a Compton collision (§ 118) for 
an electron gas and radiation depends upon the nature of 
the quanta resulting from the collision. 


== An 


153. The collision of protons and electrons. 

Jordan considers the problem of Jauncey and Hughes* 
in which a proton and two electrons by collision give rise 
to an electron and a light quantum’. 

Using n+, n,~, m2. for the proton and two electrons, 
and n-, o for the resulting electron and light quantum, 
then we have 


if i : 
jee = Pe 9 Tr = be ae ; using (1) § 150, 
en FEE e 4] 
1 ae 1 
Une = Ei— > 2 sare Ea— 
a+ LT a l eae T Ey 1 
1 
ed hy 
ekT — 1 


1 W. Pavut, Zs. f. Phys. 18, p. 272, 1923; 22, p. 261, 1924. 
2Q, BE. M. Jauncry and A. L. Huaues, Proc. Nat. Acad. Amer. 
12, p. 169, 1926. 


»P 
3 J. J. Taomson, Phil. Mag. 48, p. 737, 1924. 
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Proceeding as in §§ 151-2, 
an*n,~n.- = a'n-o. 


Co) yo 
| = exp {a+ @ Bes ; 


1 1 E- + by 
and (@--1) (5+ 1)=expfe+ LT \. 


But since H+ + #H,- + H,- = E- + hv, the energy being 
conserved, 


Ge a ae 
Therefore, just as in § 151, 
a =A(1—n-)(1+0), 
a’ = A (1+ nt) (1— 7) (1—n,>), 
and the probability of the direct collision is 
Antn,-n.- (1 — n-) (1+ 0) 
and of the inverse 
An-o (1+ nt) (1 — n,-) (1 — 1,7). 
Jordan has generalised this procedure so as to include 


problems concerning chemical constants, thermal ionisa- 
tion and the like. 


CHAPTER XXX 
DIRAC’S THEORY 


154. Dirac’s theory of perturbations. 

Dirac considers an atomic system disturbed by an ex- 
ternal electromagnetic field. 

The wave equation for the undisturbed system is 


CE geee Ei eairens 0), cas sacetmes se were (1), 
where H is the operator H (- = x ; a) and # is the 
operator ee (§ 105). Its general solution is % = Xc,%,, 


where the c,’s are arbitrary constants. 

He supposes the y¥,,’s to be chosen so that one is asso- 
ciated with each stationary state (of energy H,,) of the 
atom; and that the c,’s are chosen so that 4% represents 
an assembly of the undisturbed atoms in which | c¢, |? is 
the number of atoms in the nth state. 

Now suppose a perturbation applied beginning at time 

= 0. The wave equation for the perturbed system will 
be of the form 
(0 — H+ V) P=  o..eseceeee sees (2), 


where V is the perturbing energy, and is a function of 
a, t. 

x it will now be shown that a solution of (2) can be found 

of the form = La,%,, where the a,’s are functions of 

t only, and this % represents an assembly of the disturbed 

atoms in which | a, (¢) |?is the number in the nth state at 

time ft. 


1 P, A. M. Drrac, Proc. Roy. Soc. A. 112, p. 661, 1926. 
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Substituting in (2) we have 
x (H — £+ V) a,b, = 0. 
Since a, is a function of t only, H and V commute with a,; 
'. L(a,H — Ha, + a,V) b, = 9. 
Also Ha, — 4,H = ue Gy, (§ 55). 
“Yay (H— B+ V) bn = 2 Sa. 
Therefore, since (H — £) #, = 0, 
End Vin = St Ende he: 
Suppose Vis, expanded in the form 
Vib = Lm Vinn Ps 
where the VJ,,,,’s are functions of ¢ only and are the matrix 
constituents of V (§ 101). 
a Sate va due, Dts Oye ee 


Taking out the coefficient of %,, we have 


This is a fundamental equation which determines the a’s 
in terms of ¢. 

As a first approximation a, may be put equal to the 
constant c,, the value of a, at time t= 0. This first 
approximation may be inserted for a, on the right and a 
second approximation found by another integration. 

Further, if V,,,is the number of atoms in the nth state, 


NV Se 


on in on (in n* aie Oyj Qn Ve 
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oh 
But o= Gm a DO y fa LS 
Lh, 
a 5 Gm a Ln, aes 
ae Dine a nts 
since V is a Hermite matrix. 
OE Vnn,* a8 
on m— =n (Qn mn&m” — An Vira): 
UBS Cae taaby (An *V. *V, 
on m-"m— —nm m mn&n — Ay an) 
==) (0). 
[An> Vmn> --- commute, since all are functions of ¢.] 


Therefore the total number of atoms is constant, as it 
should be. Thus the assumption NV, = | @» |? satisfies all 
the necessary conditions. 


155. Calculation of the Einstein B coefficients. 

Dirac then considers the incidence of plane polarised 
electromagnetic radiation upon the atomic system described 
above. 

The perturbing term V is known in terms of the total 
polarisation and the potentials of the incident radiation. 
The a’s are then found by the approximation method just 
described, and thence N,,,, the number of atoms in the 
state m at time 7’. 

In order to obtain results independent of the initial 
‘phases of the atoms, c,e’’ is written for each c, in the 
result for NV, and the average over all values of y, from 
0 to 27 is taken. As a result the first order terms in J, 
vanish and the second order terms give a result of the 
form &,, f (n,m). Hence AN,,,, the increase in the number 
of atoms in the state m from time t= 0 to t=T is 
x, f (n,m). Thus the term f (n,m) may be regarded as 
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the part of AN,, due to transitions from the state n and 
the state m. 

By averaging over all directions and states of polarisa- 
tion of the incident radiation, the number of transitions 
from the state n to the state m is found to be 


2a 
372 | Cn Og | Cm |?} | eee 


where J, is the intensity of frequency v per unit frequency 
range of the incident radiation (found by resolving it into 
its Fourier components) and P,,,, is the matrix component 
of the total polarisation (with time factor omitted) corre- 
sponding to the transition n > m. 

Thus the OE has caused 


ai 
transitions from state n to state m, and 


oa | Cra? geo I, 


transitions from state m to state n, the probability co- 
efficient for either process being 
Isha’ = Baer = Sh2c 
in agreement with Einstein’s theory!. 
This method fails to give the Einstein A coefficients for 
spontaneous emission. 


156. Durac’s theory of the emission and absorption of 
radiation?. 
He considers an atom interacting with radiation sup- 


posed in an enclosure so as to have only a discrete set of. 


degrees of freedom. Resolving the radiation into its 
Fourier components, we can consider the energy and 


1 Q.T.A. § 26. 
> P. A. M. Drrac, Proc. Roy. Soc. A. 114, p. 243, 1927, 


= oe 


ee ee 
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phase of each as dynamical variables describing the radia- 
tion field. 

If #,, 0, are the energy and phase of an s component of 
the Fourier series, the phase 0, meaning the time since 
the wave was in a standard phase, H, and 0, can be taken 
as a pair of canonical variables. For if there is no inter- 
action between the field and atom (the unperturbed state), 
the Hamiltonian H = X#,+ H,, where H, refers to the 
atom alone, since the variables H,, 0, obviously satisfy 
the canonical equations of motion 


. oH oH 
E, = 00, = 0, 6, — OH, a 1 
They also satisfy the quantum condition 
th 
— 0,H,+ HO, = ee (1). 


The interaction is accounted for by the addition to H 
of a perturbation term, which is a function of the atom 
variables and the H,, 0,. This gives the effect of the 
radiation on the atom and the reaction of the atom on 
the field. 

The quantum condition (1) immediately gives light 
quantum properties to the radiation. For if v, is the 
frequency of a component s, 27v,0, is an angle variable, 
so that its canonical conjugate H,/v, (remembering the 
Bohr relation dH = x vdJ)! can only assume values differing 
by nh. Hence 5H, can only be nhv,. 

Thus by making the energies and phases g-numbers, 
Dirac obtained not only the Einstein B coefficients, but 
also the A coefficients. 

In the earlier theory of § 155 where the energies and 
phases were c-numbers, only the B’s could be obtained 
and the reaction of the atom on the radiation could not 
be taken into account. 

1 Q.T.A. §§ 31, 53. 
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Dirac first treats the problem of an assembly of similar 
systems satisfying the Einstein-Bose statistical mechanics, 
which interact with another different system, a Hamil- 
tonian being found to represent the motion. The theory 
is then applied to the interaction of an assembly of light 
quanta with an atom and Einstein’s laws for the emission 
and absorption of radiation are deduced. The interaction 
of the atom with electromagnetic waves is then considered 
on the lines indicated above and the Hamiltonian takes 
the same form as in the light quantum treatment. Thus 
there is complete harmony between the wave and light 
quantum account of the interaction. 

A corresponding theory for the interaction with an atom 
of an assembly satisfying the Fermi-Dirac statistics has 
recently been given by Jordan}. 


157. Dirac’s theory of dispersion?. 


In the original theory of Kramers and Heisenberg? it is 
assumed that the matrix elements of the polarisation of 
an atom determine the emission and absorption of radia- 
tion analogously to the Fourier components in the classical 
theory. 

In later theories+® the Schrédinger electric density 
(§ 103) is used to determine the emitted radiation by the 
same formulae as in the classical theory. 

Dirac applies to the dispersion problem the method of 
the previous article in which a field of radiation can be 
treated as a dynamical system whose interaction with an 


ordinary atomic system may be described by means of a 
Hamiltonian. 


‘ 


1 P. JornpAn, Zs. f. Phys. 44, p. 473, 1927. 

2 P. A. M. Dirac, Proc. Roy. Soc. A. 114, p. 710, 1927. 

3 H. A. Kramers and W. HEIsensere, Zs. f. Phys. 31, p. 681, 1925. 
Q.T.A. §§ 148-154. 

4 E. ScorépineErR, Ann. der Phys. 81, p. 109, 1926, or chap. xxi 
of this book. 

° O. Kustn, Zs. f. Phys. 44, p. 407, 1927. 
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He obtains the Kramers-Heisenberg formula and finds 
certain results for the case of resonance (where the incident 
frequency coincides with that of an absorption line), 
namely, that nearly all the scattered radiation is due to 
absorptions and emissions governed by Einstein’s laws. 

It suffices for this purpose to treat the atom as a dipole, 
but it would seem that in the application of the theory 
to the problem of the breadth of a spectral line convergence 
difficulties arise which would disappear if a higher order 
of approximation than the dipole were used. 


CHAPTER xXxxI 


THE DIRAC MATRIX TRANSFORMATION 

THEORY; DEDUCTION OF SCHRODIN- 

GER’S WAVE EQUATION; GENERALISED 

FORM OF THE WAVE EQUATION; PHYSICAL 
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158. Dirac’s! generalised matrix theory. 

The principles of the theory can be completely under- 
stood by considering a dynamical system with one degree 
of freedom; this reduces the detail without affecting the 
essentials of the argument, and the extension to more 
degrees of freedom is fairly obvious. 

In matrix mechanics a dynamical variable is denoted 
by a matrix g whose rows and columns refer to stationary 
states of the system; these are numbered by specified 
values a, a’,a”,... of some constant of integration x of 
the dynamical system, so that g (aa’) is a typical consti- 
tuent of the matrix g. If for example, the constant of 
integration x is an action variable, the values a, a’, a”, ... 
form a discrete set; if 2 is a momentum or an energy, they 
may have a continuous range of values, a discrete set, or 
both. x is a g-number whose ‘characteristic values’ are 
a, a’, a”, ... or in other words, x is a diagonal matrix whose 
diagonal terms are a, a’, a”,.... ‘ 

The case where the a’s form a continuous range is more 
general, so that this form will be used. 

The matrix law of multiplication 

ab (aa’) = Yana (ae) b (a"a’) 
1 P, A. M. Dirac, Proc. Roy. Soc. A. 118, p. 621, 1927. 
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for discrete sets of a’s now reads 
ab (aa’) = | a (aa”) da" b (a” a’), 


where the integration is taken over all the values of a” 
in the continuous range. 


159. Properties of 5 (x). 

In the theory of matrices with continuous ranges of 
rows and columns it is necessary to introduce the function 
S (x), which is zero except when « is very small and whose 
integral through a range including x= 0 is unity. (It 
corresponds to 5 (mn) of discrete set theory.) 

We have 8 (x)= 0, «#0 and f 8 (x) dx =1, corre- 
sponding to 

8 (mn) = 0, n#=™m 
mle — 1s 
We can take 5 (x) to be symmetrical about zero, so 


that 
S5(—x)=8(x) and 98’ (—a)=—6(z),... 


where dashes denote differential coefficients. The con- 
dition 5 (~) = 0, x #0 can be expressed by the equation 


x8 (x) = 0. 
From the above it follows at once that 
| (ay (a— a) de =f (@) css. (1) 
Again, 


[" f (x) 8 (a— x) da 
=[—f(x)d(a— oP tft (a) 6 (a — x) da 
= f’ (a), since the first term vanishes at both limits. 


“ ip Pla) 8 (a — 2) drm f! (@) eaves (2). 
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Writing 5 (x — 6) for f (w) in (1) and (2), we have 


i 3 (aan) 3 (x by) de Ola B) aie (3) 


and iP 8’ (a — 2) 3 (x —b) de = 8 (a —B).«....(4)- 


Further the unit matrix must have the property that 


when multiplied by any matrix y the product is equal 


to y, or 
[3 (ear) da’y (a/a") = y (aa). 


On account of (1), this means that 1 (aa’) = 6 (a — a’). 
The general diagonal matrix f has elements 


f (aa) 8 (a — a’) or f (a) 8 (a — ’), 


so that f (a), f(a’), ... form the diagonal terms and zeros 
the rest. 


160. Matrix scheme for a dynamical problem not unique. 

The solution of a problem in Heisenberg’s matrix 
mechanics consists in finding a scheme of matrices to 
represent the dynamical variables, which (for one degree 
of freedom) satisfies the conditions: 


(i) The quantum condition gp — pq = ke i 


(ii) The equations of motion gH — Hg = a g, where g 


is a typical variable. 

(iii) The Hamiltonian H is a diagonal matrix. 

(iv) The matrices are of Hermite type. 

There are any number of matrix’ schemes which satisfy 
these conditions. For if to each matrix g, say, we _apply 
the canonical transformation G = SgS-1, where SS* = 1 
and S is independent of the time, the new matrix G 
satisfies the conditions (i) to (iv) (cf. §§ 58, 59). Thus the 
new matrices G are just as effective as the matrices g to 
solve the problem. 


Ain 
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Dirac has shown how to select from this multiplicity of 
matrix schemes the one which makes any desired dyna- 
mical variable € a diagonal matrix. If the constituents 
(diagonal) of € are B, f’, 8”, ..., the c-numbers f, f’, ... 
are the ‘characteristic values’ of the g-number &, and so 
by this scheme questions which have to do with numerical 
values associated with the variable denoted by the q- 
number can be answered, as the f’s denote its possible 
numerical values. 


161. The transformation equations. 


Let the matrix g = (g (aa’)) be transformed to G@ by the 
canonical transformation 


PaO). .5cctaimoenesernanace (1), 
where SS* = 1. 
Let the rows and columns of G be numbered by 
B, E. ge, oe) 


so that G (B’) is a typical constituent of the new matrix. 
Dirac uses the same symbol g for both G and g, as which 
is meant is clearly indicated by whether it is followed by 
a’s or B’s. 
From (1) we have 


g (BB’) = |[ 8 (Ba) dag (wa) da’S-* (a’B'). 
The transformation functions S (Ba), S-1 (a8) will be 
written just as (8/a), (a/B) for brevity, so that we have 


g (BB’) = {le (B/a) dag (aa’) da’ (a’/B’) ...... (2). 


But (1) may be written in the forms 
S3AGS=9, GS=Sg, S3G= gS" 
which give 
g (aa!) = || (@/P) dB g (BB) AB" (Ba!) (3), 


[a (88°) a6" (B’Ja) = | (Ble’) de’ g (ae) = 9 (Bee), say -..(4), 
[alB’) ap" 9(8°8) = [a (aa’) da’ (e'/B) =9 (a8), say--.(6) 
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We thus obtain two new quantities g (Ba) and g (af) 
which give two matrix schemes for g, where the rows and 
columns refer to different things; there is now no one-to- 
one correspondence between the rows and columns, so 
that a diagonal matrix in these new schemes has no 
meaning. The matrices whose elements are (8/a) and 
(a/B) are the unit matrices in the respective schemes, for 
equations (4), (5) show that these matrices when multiplied 
by a matrix representing an arbitrary q-number g give 
matrices representing g. 

The matrices S and S~! satisfy the relations SS-+ = 1 
and S-18 = 1, so that 


| (Bla) da (a/B") = 8 (8 - B) 
and [(e/B) a8 Ble’) = 8 («—@’). 


Thus the matrix elements (8/a) and (a/f) form two ortho- 
gonal and normalised systems of functions, whether they 
are regarded as functions of the a’s specified by values of 
the parameter f or as functions of the f’s specified by 
values of the parameter a. 


162. Canonical variables €, yn, where € is a diagonal 
matrix. 
Let € be the diagonal matrix 


Bb 0aeo Se 
(° Bp’ 0 2) 
On Omens” 


where the f’s are those introduced in § 161, so that 
& (BB") = B8 (B — B’). 
It will now be shown that the matrix 7, where 
1 _ ths, , 
7 (BB’) = — 5 8 (B— 8), 


is canonically conjugate to é. 
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It is necessary to show that 
én — nf = 1. 
The (8f’)'constituent of the left-hand side, namely 
(En — n€) (B8’) = [EE (BB) 4B"n (B"B’) — 0 (B8") 48"E (BB) 
= — 3 [ps (a B")9"(p"— B")—5” (BB) 8"5(B"— By} dB" 
Integrating the second term by parts, this expression 
=~ © fees (e— p")5(8" — 6’) 
— 5 (B—B") pan (B"9 (B" — BY AB" 
= — # fp —pry5 (B85 (8"— 8) 
— 5 (— B)3 (B" — BY} dp". 


The first term vanishes since 2a = 0 and therefore 
(fn — n€) (BB’) = ae | 5 (B — B”) 8 (B” — B’) dp" 
= ug 8 (B — B’); using (3) § 159. 
se fn — ng = 1. 


163. Transformation theory. 
We now transform €, 7 to the new matrix schemes of 
§ 161. Using (4) § 161, we have 


é (Ba) = |e (BB) ap" (Bla) 
= [p5(p — BAB" (Bla) 
= B (B/a), from (1) § 159. 
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So (Bu) = [n(BB’) 4B (P'/a) 
= — 2 [a (p— By dB" (6/0) 


th oO 

This suggests that if f is a function of €, y, rational and 

integral in 7, f (€, 7) is a matrix, whose constituent 
th oO 
f (En) (Ba) =f (B — 52 5p) (Ble) 

so that the elements of the matrix for f in the (Ba) scheme 
are given by a certain operator operating upon (/a). 

It is sufficient to prove that if the theorem is true for 
each of two functions f, and f,, it is true for their sum 


fi +f, and their product f,f,. The former is obvious. To 
see the latter we have 


i tS n) te (Ss 7) (Ba) 
= [| fi En) (Ber) de’ (a (8) 4B" f, (En) (Ba) 


= [le (8. — $2 5g) (Bla) da (wap 
«fas — 5 ar) (Bla) 


Thus has been proved 

F (En) (Ba) =F (B,— 59) (Ble) nee (1). 
So it can be shown that 

J (6.7) (@B) = 5 (Bs + 5 oa) (@lB). 


ee ee ee = 
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164. Deduction of the Schrédinger wave equation. 

The result (1) of § 163 gives a powerful method of finding 
the matrix scheme which will make any function of the 
dynamical variables a diagonal matrix. 

Suppose we are given a function H of the variables ¢, » 
and we want the matrix scheme (a) say, for which H will 
be a diagonal matrix = H. Then 


H (aa’) = H (a) § (a— a’) = EL, 5 (a — a’), suppose. 
Then 
(8, — 2 4) Ble) = H (2) (Bo), from (1) § 163 


TT 


Bla’) da’ H (E, 7) (a’a), from (4) § 161 


[ 
i; (Bla’) da’, 8 (a — a’) 
E 


I 


a (B/a), from (1) § 159. 
‘ lH (6, a fe za) — z,} (Bj) =0 ...... (1), 


which is a differential equation in f for (8/a). The different 
solutions are specified by different values of a. 
If we write a = n and write (8/a), which 


= § (Ba) = S (Bn), as S, (8); 
fea {a (8, - a za) le z,} Re 0 (2). 


If we suppose &, 7 to be the ordinary q, p of the system 
at some specified time, and H to be the Hamiltonian, 
equation (1) is just Schrédinger’s wave equation (§ 95). 
The eigenfunctions S,, (8) or (B/c) are the elements of the 
transformation matrix S which enables one to find the 
matrix scheme in which the Hamiltonian is a diagonal 


matrix. 
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165. Calculation of the matrix elements for any dynamical 
variable. 
For the dynamical variable f (€, 7), 


F(E,n) (ca!) = [(cB) AB f E71) (B8’) AB (Ba), from (3) §161 


= |(a/B) apf (én) (Ba’), from (4) § 161 


= [iB ap, (6, ee =n) (B/a’), from (1) §163. 


Using the notation above that 
(B/a) = S (Ba) = S (Bn) = 8, (B), 
then 


(a/B) = 8-1 (aB) = S— (mB) = S-1 (Bn) = S* (Bn) = S,* (B), 


since S-! = S*, on account of SS* = 1. 


+ FE) (om) = [SamBd4 (Bs — 5 3p) 5m (8) OB 


The S,’s are found from the wave equation (1) § 159 
and the matrix elements for f (€, 7) follow from (1) by a 
process of integration. 


166. Summary. 

The solution of a problem in APNE mechanics is the 
solution of the eigenwert problem SH (p,q) S-1= E; 
SS* = 1, where H (p, q) is the Hamiltonian, £ the diagonal 
matrix for the energy, and S is the transformation matrix 
sought for. 

A new system of canonical variables ¢, 7 is introduced 
such that the é’s are all diagonal matrices. In S, the con- 
stituents are S (nf) or S,, (f). 

The equation SHS—1 = E£ proves to be equivalent to 


|# (8, 5239) — Bat Su (A) = 0, 


whence S,, (8) can be found. 


—— ee 
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Also 
= 1 for#=m 
* = 
[8_ (8) Su* (B) 4B = 8am ~ 9 fon. # m. 

The matrix elements for a function f (é,7) are then 

given by 
_ [gx bee 52) 
J (En) (nm) = [84 (P)F(B,— 35 3p) Sm (B) a8. 

Jordan! has independently worked out an operator 
theory which leads to the same results. 

The Dirac-Jordan theory is a comprehensive one which 
includes the older Heisenberg-Dirac matrix theory, the 
operator theories of Lanczos? and of Born and Wiener%, 
and the wave equation of Schrodinger. 


167. Generalised form of the Schrédinger equation 
(Dirac*). 

If the Hamiltonian H is given as a function of €, n, 
then since 


E (BB’) = 8 (B — B’) 
3 ih. fed Wie eats ee (1), 
and 7 (BB’) = — 5-8 (B— B’), (§ 162) 
the matrix H (ff’) is known. 
Hence using (4) § 161, 
[#1 (B8") ap" (B"|a) = | (Bla’) dev Ht (ae). 
If H is to be a diagonal matrix in the a’s, then 
H (aa’) = H (a) d(a — a’). | 
. [HL (BB) dB" (Ba) = | (Ble) dal HE (a!) 8 (a 
= (B/a) H (a), using (1) § 159. 
1 P, Jorpan, Zs. f. Phys. 40, p. 809, 1927; 44, p. 1, 1927, and earlier 
papers in the Zs. f. Phys. 
2 K, Lanozos, Zs. f. Phys. 35, p. 812, 1926. 


3 M. Born and N. Wiener, Zs. f. Phys. 36, p. 174, 1926. 
4 Pp. A. M. Drrac, Proc. Roy. Soc. A. 114, p. 243, 1927. 
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We thus have 
[ (BB) (8/0) 48’ = (Bla) H (a) «.2.-----(2), 


which is an integral equation for (B/a) of which the charac- 
teristic values H (a) are the energy levels. 

Schrédinger’s wave equation is a special case of (2) 
where H is an algebraic function of €, y. It then becomes 
an ordinary differential equation on account of the rela- 
tions (1), and takes the form of (1) § 160. 

It is possible to have a system specified by a Hamil- 
tonian H which cannot be expressed as an algebraic 
function of a set of canonical variables, but which yet can 
be represented by a matrix whose terms are H (ff’). 
Equation (2) can then be used to find the energy levels 
and the eigenfunctions. The Hamiltonian for the inter- 
action of a light quantum and an atomic system is of this 
more general type. 


168. Physical interpretation of q-numbers. 

Any q-number can be expressed as a diagonal matrix if 
the matrix system is suitably chosen and the diagonal 
terms are its ‘characteristic values’; these represent 
ordinary numerical values which can be compared with 
experiment. 

Suppose w, y are the action and angle variables, for 
example, of a system of one freedom and that the rows 
and columns of the matrices are designated by the char- 
acteristic values of vz, namely a, a’, a”, ..., where x is the 


CO 
diagonal matrix (° a’ 3) : 


Cr 


Let €, be canonical variables, functions of x, y, and let 
the matrices be transformed so that é is the diagonal 


Bases 
matrix (° p’ ) in the new scheme. 


eeeeeeses 
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Given =f (a, y), we wish to find what ordinary nu- 
merical relations we can between €, x, y. We can give x 
one of its characteristic values a, say, but we cannot give 
y one of its characteristic values because y cannot be a 
diagonal matrix at the same time as x on account of the 


quantum condition yx — «y= 2 1. But it is possible to 


find the range of values of y for which € has the charac- 
teristic value 8, say, when x has the given characteristic 
value a. 

Dirac! has shown that this is the fraction (a/B) (B/a) of 
the whole y range. 

Thus for an assembly of atoms all having the same 
numerical value of a (i.e. all in the same stationary state) 
and uniformly distributed as regards y, the number of 
atoms for which é has the numerical value f is (a/) (B/c) 
of the whole number. 

Thus for a set of atoms for which x is a we can deduce 
only a probability function (a/8) (8/a) for the number of 
atoms for which é will be £. 

If the numbers f are continuous and not discrete, the 
probability for the number of atoms for which ¢ lies be- 
tween f and £ + df is (a/B) dp (f/a). 

In the notation of § 165, this probability is 

S,* (B) Sn (B) 4B or |S, (B) |? 48; 
this is the probability that in the stationary state the 
variable é lies between B and f + dB. 

This form was used by Born in his papers on collision 
phenomena, referred to earlier (p. 7). 

This replacement of a state by a probability of the 
system having that state is a characteristic feature of 
quantum dynamics, which has recently been emphasised 
by Heisenberg? on general physical grounds (chap. XXXII). 


1 P, A. M. Drrac, Proc. Roy. Soc. A. 113, p. 621 (§ 6), 1927. 
2 W. HeIsEnBERG, Zs. f. Phys. 43, p. 172, 1927. 
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169. Successive matrix transformations. 
If we apply successively two canonical transformations 
with the matrices S, 7’, so that 


G = SgS-", 
C= TET", 
then GY = TSS T =. T8¢ (TS). 


Thus the result is the same as the single transformation 
with the matrix TS. 

In the new notation two successive transformations 
from scheme «@ to scheme f and from scheme f to scheme y 
are equivalent to a direct transformation from «@ to y, 


provided 
(yle) =| (7/8) dB (Ble) 
and («ly) =| («/) a8 (Bly) 


170. Application to collision problems. 

Consider the case of collisions between an electron and 
an atomic system. In Born’s! treatment of the problem, 
a solution of the wave equation is found consisting of 
incident plane waves representing the oncoming electron. 
These waves are scattered by the atomic system. It is 
then assumed that the square of the amplitude of the 
wave scattered in any direction determines the proba- 
bility of the electron being scattered in that direction, 
with an energy given by the frequency of the wave. 

By Dirac’s method, the transformation function (p,;/pp9) 
is found which connects the momentum at time ¢ (ex- 
pressed as a diagonal matrix with components p,) with 
the initial momentum (expressed ‘as a diagonal matrix 
with components p,). [The p;, py) correspond to the B, a 
of the above theory.] There is then a probability 

(Po/P+) Ape (P+/Po) OF | (P+/Do) |® dpe 


1 M. Bory, Zs. f. Phys. 37, p. 863; 38, p. 803, 1926. 
See also P. Dirac, Zs. f. Phys. 44, p. 585, 1927. 
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that the electron will be scattered with a momentum 
lying in the range dp,. 
If x, is a coordinate of the electron at time ¢, then 


by (1), § 165, 
(©:/Po) = [edo Api (Patera. (1). 


Here the transformation function 2,/p) is the solution 
of the wave equation appropriate to the case of an incident 
electron whose momentum is p, and is thus the wave 
function of Born’s theory. 

The function «,/p, represents emerging waves corre- 
sponding to electrons with momentum p,. 

Thus equation (1) gives the resolution of the emerging 
waves in the eigenfunction z,/p, into their different com- 
ponents, the amplitudes of the various components being 
| (p;/%) |. This agrees with Born’s theory quoted above. 

It is thus seen that in general the dynamical variables 
can be represented equally well by matrices whose rows 
and columns refer to the initial values of the action 
variables (p,) or to the final values (p,). The transforma- 
tion function from the one set of matrices to the other is 
the associated probability. 
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171. The essential indefiniteness of quantum mechanics} 
(Heisenberg). 

The origin of quantum mechanics was an attempt to 
break away from the usual kinematical and mechanical 
concepts and in their place to substitute relations between 
concrete numbers given by experiment. 

(a) The position of an electron. 

The position of an electron relative to a given system 
of axes must be measurable by experiment if the term is 
to have a meaning in quantum mechanics. We illuminate 
the electron and observe it through a microscope; the 
accuracy with which the position can be observed is given 
by the wave-length of the light used. If we use a y ray 
microscope, we should get the most exact result physically 
possible. But these y rays produce a Compton effect on 
the electron, so that at the instant when the position is 
determined the momentum of the electron is suddenly 
changed. This change of momentum is all the greater 
the shorter the wave-length of the light used, i.e. the more 
accurate the determination of position is. 


1 W. HulsenBere, Zs. f. Phys. 43, p. 172, 1927. 
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Thus at the moment when the position of the electron 
is known, its momentum can only be known to an order 
equal to this discontinuous change. Hence the more 
exactly a coordinate q is determined, the less exactly can 
its momentum p be found; and conversely. This is a 
direct intuitive illustration of the meaning of the quantum 
condition ih 
Che ae 1; 
for if g,\is the exactness with which the value of gis known 
(so that q, is the mean error of g, here the wave-length of 
the light used) and p, is the mean error for p, then 


Dh ~h cece reer eer eseesccscsens (1). 


To see this we use the formula for the resolving power 
of a microscopet; the distance between two distinguish- 
able points at P must > A/a, where A is the wave-length 
of the y rays, or 

Aq ~ 4 : 
a 
: hv h 

The momentum » of a light quantum = Pogie and 
since the direction of p may lie anywhere in a range of 
angle a, the possible error of p is pa, or Ap ~ pa, 


a ee pe 


ha x 
ental Ap.Aq ~ Nee 


or Dn ~ h. 


1 P. Drupe, ‘The Theory of Optics,’ English translation, Longmans, 
1908. 
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This result can also be found by the use of de Broglie 
waves. 

If Ag is the range within which gq can be found by 
experiment, Aq is of the order of the wave-length / of the 
de Broglie group associated with the electron. If X is the 


length of a wave, then = = from the usual group rela- 
tion, so that 2 . 
AA ~ Ag ae nee eg (2) 
But the momentum p = — = . so that 
h | Ar 
Piso S [2 (3) 


Therefore from (2) and (3), (Ap) (Ag) ~ h, which is the 
result (1). 

(6) The path of an electron. 

The familiar expression ‘the ls path of an electron’ 
has from this point of view no meaning. For in order to 
measure this path (which in the Bohr theory for hydrogen 
is of order 10-®°cm.)! we must illuminate it with light 
whose wave-length is far shorter than 10-%°cm. One 
quantum of such light would suffice to drive the electron 
from its orbit to some other orbit, so that on this account 
only one point of the ‘ls path’ can be observed and the 
word path has no rational meaning. 

But on the other hand the ‘position’ measurement of 
a system of atoms in the 1s state can be measured, as is 
known by the Stern-Gerlach experiments (§ 17). Thus 
for a given state ls of the atoms these experiments de- 
termine a ‘probability function’ for the position of the 
electron, which corresponds to the ‘mean value’ of the 
position in a classical path. According to Born? this 


= QurA] $18: 
* M. Born, Zs. f. Phys. 38, p. 803, 1926. 


a 
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function is equal to #4, (q) 44; (q), Where 4, (q) is the 
Schrédinger wave function corresponding to the state 1s 
and y is the conjugate of x. 

Dirac and Jordan (§ 164) would say ‘the probability is 
| B/e |?, where B/a is that term of the transformation 
matrix S (8a) which transforms the matrices where £ is 
a diagonal matrix in the a’s to matrices where q is a 
diagonal matrix in the f’s.’ Here a is the energy of the 
state ls, ora = E,,. 

This characteristic indefiniteness or statistical trait of 
quantum mechanics is in strong contrast with the concepts 
of the classical mechanics. In the latter the position of 
a particle at each point of its orbit can be found; in the 
former it cannot, as the determination of one point distorts 
the atom and only a probability function for the position 
of an electron in a given stationary state can be found. 

Then again the quantum condition 

th 
Et — tH = = 1 (§ 104), 
suggests H,t, ~h, where H,, ¢, are mean errors im, :t. 
Thus the more exactly the energy of a stationary state is 
given, the less exact is ¢, so that the phases are indeter- 
minate. Also one cannot speak of the energy at a given 
time, as precision in ¢ means vagueness in H; such indefi- 
niteness must always arise in the experimental determin- 
ation of any pair of canonical conjugate variables. 

Heisenberg proceeds to develop this idea p,q, ~ h with 

a wealth of illustration derived from very diverse experi- 


mental data. He then goes on to show that p,q = dB, 


by the use of the Dirac-Jordan theory. 

Bohr has, however, lately obtained this and other results 
of Heisenberg by the use of a calculus (§§ 172-5) which he 
has not yet had time to publish, and which is founded 
upon the de Broglie wave theory. 
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1721. Fourier theorems for the de Broglie sees 


nig 
An ordinary Fourier series for f(g) is Saou A, where 
\ is the wave-length in q; or as a Fourier integral 


Qnig 
f@=[FAe* ar 
For de Broglie waves, the momentum p = y = 3 , so that 
A= hip. 
ee) 2Qripa 
Hence *(q) = f° g (py er® dp anne eas (1). 


Again, Fourier’s integral translates into 
1 Ry 2rri (p — p’ 
F (p) = i [dq [ap (p ) eee sano} 


We can now invert (1) by writing it as 


% (q) = 


0 2nip'g 
ee dq’, 
_ 2nipg 
multiplying both sidey by e * , and integrating with 
respect to g from — to oo. 
Then 


| dq (2) )exp(- “ee | dq [° ap’ (p’) exp Co 
= hg (p), using (2). 


Hence (1) inverts into 


th = eg 
p=;] _ ¥@e ahh SAR eRe: (3). 
[The limits — oo to oo will be omitted from now. ] 


173. Bohr’s fundamental probability theorem. 

Let ¢%, (7) be the Schrédinger wave function for an 
electron (— ¢) in a stationary state defined by n, where q 
is a position coordinate. We will write this just % (q), as n 


1 The theory of §§ 172-5 was communicated to the author when at 
Copenhagen in September, 1927. 


ee ee a 
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does not enter into the calculations to follow. Suppose 


ys normalised, so that {y (q) & (q) dq = 1, where ¢ is the 


conjugate of 4; or what is the same 


[I¥@ lg lh ee tae (1). 


The electron (— ¢) is equivalent to a Schrédinger electric 
density # (q) & (q) throughout space (§ 103), and since 


—e=— epi dq, from (1), 


we may take — eis as the space charge associated with q; 
or otherwise expressed, yi is the probability of the electron 
being in the place q. 

This agrees with the Dirac result of § 168; it is found 
in a more intuitive way. 

Bohr now expands 7 (q) as a de Broglie Fourier integral, 
so that 


Qnipa 


ib (q) = lo CNW EET Nye irecrercee (2), 


and shows that if | %(q) |? is the probability for the 
electron to have the place q, then h | g (p) |? is the proba- 
bility for it to have the momentum p. 

For 


1=fe@e@aa 


Qripa Qrip’a 


= ag [gre * dlg@e * ew’, 
substituting for > from (2), 
Int , 
7 (P- Pa 


= [ews (p) [ag | dp’ 9 (p’)e 


= | dpg (p) 9 (p), using (2), § 172. 


Thus hg (p) 9 (p) =h|g (p) |? is the probability for the p. 
The relations (1), (3), § 172, enable either of % (q), 9 (p) 
to be found when the other is given. 
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174. The theorem p,q, = ses 


If » is known with an exactness p, (p, is the ‘mean 
error’ of p) and g is known with an exactness q,, then 


1%, = =—» where p, g are two canonically conjugate vari- 


ables. 
Suppose the probability b (q) + (9) of q to be given by 
a Gauss error curve of effective range qg,, so that 
g 


(ge (q)=e *. 
Then &(q) =e ~ at 2 
where Q is any real function of q. 
Choose @ to be linear in g and equal to as Aq, where 2 


is any constant. 


Xe ee Wa 
Then (a) = exp ( aq8 th rg) 
1 2ar 
and 9 (v) = ;, [4 (a) exp (— =P) ap, § 172 (3), 
1 gq? Qat Qrripq 
oan exp (— 35,4 = fd rary ) dp. 


Using the result 


[exp (— aa — 2bx) dx ye exp (Z)...(), 


Tos ook ee 2 
9 (p)=7Vav2 nexp|~ tr (p— A)? 23, 


—)2 
g (p) = —" q ex |-2 Fated 2), 
h Pp 20,2 (2) 
2 
where i ee 27" 9," ‘ 
Te 
h 
or Mn = oe 


——— EE —E— eer 
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Thus the p probability hg (p) g (p) is represented by a 
Gauss error curve of range p, about p = 2. 

If then we suppose that when q is in a range q, about 
q = 0, that p is in a range p, about p = po, then the above 
show that 


gq Qa 
ob (q) = exp (- 22 oe Pod) 
V 20 (p — Po)? 
and OD) =e cuexP {- 2m" 
: h 
with Dita 


175. The passage from micro- to macro-mechanics 
(Heisenberg-Bohr). 


Let ¢ (q, &) be the wave function, so that 


b (4; to) # (Y; 0) 


is the probability function for the position q at time of 
the electron considered. This ‘probability packet’ corre- 
sponds to a Schrédinger ‘wave packet’ at time ft. 
Heisenberg considers the case of uniform rectilinear 
motion (with no external field) for which the Hamiltonian 


2. 
H= os , where p is the mass. 
The wave equation (H — £) = 0 is here 


L(t 2-22} 6-o409 


Ob th Ob 
or _— ag? dons + ai = 0. 
_ 2ntt 
Write ob = ue x ? 
du th 2mH 
ee ee he 
then ae je Me 
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2 
Putting in H = a , this becomes 


= Coxp 7 (nq — Ht), 
or s=C exp2™ h = ae Oa) 
Thus if % were exp- a Les at time ¢= 0, it would wesanne 


exp a (vq — 5) at time t= ¢ ......... (1). 


Using the results of § 174, and supposing that q is in 
a range q, about g = 0 at time t = 0, 
2 
b (Y; bo) = exp (— 3 ii ate a Bod): 


Kise g (p, ty) = a (q; t) exp (- a dq. 


Therefore using (1), 


”) 2t 
p,t y=; fo (q, to) exp {- “4 (p -F I dq 
] 2 Qa1 2 2 
= hfe Si ne On — 
V Oar & 
= Prae [5 SS PY ont + SE 
using (1), § 174. 


a a ee (Does Da) ar 
. g (p, t) = V 2a 5" exp 2p? =i hy ’ 


since 1A eel (2). 
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But (at) = |g (v,Qexp yp a, 


: een _ (p= Po), mip’t | 2aipq 
eee sob a 427A dp 


2p; 

mig | Bo iF 

——= ++ aes 
= Vinh emer Reais _ oe | 
h yar: wt a Ll vm 2p," | 

2p,2 hy 2p? hy = 
ey: ee 2Qrtp,? . ee 

Writing p = Ta and using ~i%1 = 5—> 


Wad = pe [{- op +ih (fe. 28) /2a,20—¥8)| 


ae {£25 sesh 
V/1—ip PL 1% 2¢2 
_ __ (tpo" 
where am epale — qo) - 


Therefore the g-probability at time ¢, which is 


ds 1 1 gGtizA —g—t 


Ger: Vit pe exp { mae By 


2t : 
But eras Fae ae — 4Po) 
Bi go Patsy 
=(9 “ds 


Therefore the q-probability at time ¢ 


(3 
3 a Be TP 
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Thus g has a range g, V1 + f? about the place 


Pot 
=-— = ui, 
arn 
where v is the velocity p/p. 


Thus the size of the ‘wave packet’ or ‘probability 

packet’ is increased in the ratio V1 + f?, where 
_ Qarp,7t 
B po h b s 

This ‘spreading factor’ V1-+ f? increases indefinitely with 
the time}. 

Thus usually a wave packet will diffuse itself indefinitely 
and not behave as suggested by Schrodinger in § 98. 

The reason for this spreading can be seen on general 
grounds. For if there is a place-error q, at time ¢ = 0, 


axe 


there is also a place-error arising from doubt about 


p at time ¢=0. Thus the place-error gq, (¢) at time f, 
by the law of squares, is given by 


fa (= a2 + (B). 


Since 6 LG a a ? 
27 
h2t2 
eae al, 
ia OP =H \! “i nee 
4? pt? 
h2 2 


I 

ay 
p Pees 

—_ 

+ 


176. Bohr’s? summary of the present state of the quantum 
theory. 

The recent developments of atomic theory due to the 
de Broglie-Schrédinger outlook have led to a renewal of 


1 See also E. H. Kennarp, Zs. f. Phys. 44, p. 326, 1927. 
2 N. Bour, Nature (to appear shortly). 
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the discussion! of the need for the postulates of the 
quantum theory hitherto used to coordinate experimental 
results. 

Schrédinger discovered that the stationary states of an 
atom can be represented by the proper vibrations of a 
certain wave problem which replaces the particle problem 
of classical dynamics. Tracing the consequences of super- 
posing such vibrations, he has been able to reproduce 
fundamental features of atomic processes representing 
transitions between stationary states in the language of 
the quantum postulates. In view of these results, he 
expresses the hope that a development of the wave theory 
would make it possible to completely avoid the irrational 
element involved in these postulates, and gradually build 
up a description of atomic phenomena on the lines of the 
classical physical theories. In reply to this Bohr asserts 
that in any process open to direct physical observation 
there is an essential discontinuity, or rather individuality, 
completely foreign to classical ideas and symbolised by 
Planck’s constant h. This means an abandonment of causal 
space-time coordination of atomic phenomena and reduces 
the description of these phenomena to a statistical one. 

It is possible to secure an asymptotic convergence to 
the classical theory whenever in statistical applications the 
discontinuities may be neglected. This is the correspond- 
ence principle which stands as the endeavour, in spite of 
the fundamental difference, to regard the quantum theory 
as a natural generalisation of the classical theory. 

The assumption of a continuous character of collision 
and radiation processes in connection with the possibility 
of simultaneous excitation of different proper vibrations 
contemplated by Schrodinger would appear definitely to 
contradict the experiments on the excitation of spectral 
lines. 


1 B. Scurépineer, Ann. der Phys. 83, p. 956, 1927. 
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According to the quantum theory any observation de- 
pends upon individual processes which involve an essential 
interaction; the classical space-time coordination rests 
upon tools of measurement which do not affect the pheno- 
mena observed. The quantum theory replaces the causal 
space-time coordination of classical physics by two ap- 
parently contradictory but actually complementary ideas 
of individuality and superposition!. 

1 These questions have lately been fully discussed at the Solvay 
Congress in Brussels (October 1927). 
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